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Review Exercise 2
Exercise A, Question 1

Question:

a Prove, using integration, that the moment of inertia of a uniform rod, of mass m

_ _ .4
and length 2, about an axis perpendicular to the rod through one end 15 gmaz.

h Hence, or otherwise, find the moment of inertia of a uniferm square lamina, of
tass M and zide 2a, about an axis through one corner and perpendicular to the
plane of the lamina. E

Solution:
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a +— 2a > :
[ - 4 You consider the rod to be made up
0| . | of a series of small pileces, or
< X »a elements, each of length Sx.

The mass per unit length of the rod 13 éﬂ
@

Consider an element of length &x at a distance x
from one end of the rod &

The mass of the element 15 its
length (&%) multiplied by the mass

2
si=ma=| Lsx |t =" sz _ i
et et perunit length | — |.
For the whole rod 28

I= Zﬁf z—ax
Az the element ranges from O to
e Gy E/’// the other end of the rod, x ranges

2 3R from 0 to 2. 5o 0 and 2a are the
B | X i ] .
I= —dr=—] = limits of inte gration.
g 2 2a| 3 |
8 3
i b 0= —sx”, as required
Za| 3
b [, A
Pivatiel ¥ Let § and /, be axes along two of the
/stretch sides of the square and 4 be the auis
fad A o - through the corner perpendicular to 4
o ’
and /,, as shown in this sketch. The

2 gquestion acks youto find the moment of
inertia about %

By the stretching rule, the moment of inertia of
the lamina about 4 and I, 15 given by

— Ag the lamina can be formed by taking a

*: 4 rod and stretching it p arallel to the axis
f-!‘l = fig = gma {4, without altering the distribution of the
Ew the perpendicular azes theorem mass relative to 4, then the moment of

T s imz +ima2 =§maz inertia of the lamina about 4 15 the same
R B S 3 3

as the rod, %maz.
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Review Exercise 2
Exercise A, Question 2

Question:

a Show, using integration, that the moment of inertia of a uniform rod, of length
2F and mass m, about an axis through its centre and perpendicular to the

rod iz lm.fg.
3

A uniformm square plate, of masz M, has edges of length 2a.
h Find the moment of inertia of the plate about an axis through its centre
perpendicular to the plane of the plate. E

Solution:
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U‘i" X —»gy

a « ‘[ . ..l.‘_ |'r ™
|

The mass per unit length of the rod iz g‘__

Conzider an element of length Ax at a distance x

from the middle of the rod &
a
Si=Gmrt=| Zax |2 =" 5y
2i 2

For the whole rod

2
fzz.afzzﬂax
o

Ag Ax—=D

Tou consider the rod to be made up
of a zeries of small pieces, or
elements, each of length & x.

Page2 of 2

WWhen proving results you uzually
need to know the “density’ of the
obiect, here the mass per unit

length.

o

The whole rod 15 the sum of the
small pieces,

';mxz Ll .7.’3; <
I=I —dx=—|—|
e 2013,
_e
2013 | 3

0/ a . ¥

Asthe small pieces range from one
end of the rod to the other, x ranges
from -4 at one end to Fat the other,
=0 —f andf are the limits of the
definite integral.

Let O be the centre of the plate, Ox
and Oy be axes parallel to the sides
of the square and Oz be the axis
through & perpendicular to the
plate, as shown in thiz sketch The
gquestion asks you to find the
moment of inertia about Oz

By the stretching rule, the moment of inettia of

the lamina about Ox and Oy iz given by

f&g=f@=lma2+ e

By the perpendicular azes theorem

2 2 2

i =Im+f0y=§m2+lma =§ma

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 3

Question:

Tiven that the moment of inertia of a uniform disc, of mass & and radius 7, about an

. . o1 . .
azis through the centre perpendicular to the disc is Emrg, show by integration that the
moment of inertia of a uniform solid circular cone, of base radius a, height & and mass

: : = B
M, about its axis of symmetry 15 EMQE. E

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5

a2

- i -

The mazs per unit volume of the cone 13

M M

1

The moment of inertia of an elementary disc
about the axis of symmetry 1z given by

FRE g
3

Page2 of 2

You consider the cone to be made
up of thin discs, each of thickness
& % with the centre of the disc ata
distance x from the vertex of the
cone, Ifthe rading of the disc iz )y,
then, using the formula, = i,
for the wolume of a cylinder, the
volume of a thin disc is my*Sx.

Teouare expected to know that the
volume of a cone of height & and
base radius 15 given by

V=l;rrr2}3.
3

5i= é (Sw1)ye

By similar triangles

y _ax
xr A k
Hence »

1 4 MY 4 3M
&f = E(ﬂy Ex)[ ?mg;g]y = 24252}? Sx

4 a
= Bﬂf B sx= BMf xtEx
2ath\ k 2k

For the complete cone

M’

This iz the point at which you uze
the given result, that the moment of

) ) N |
wmnertia of a disc 13 Emrg. The mass

of the disc iz & and the radius .

The mass, Jem, of the disc 15 its
volume, 7y &x, multiplied by the
M

mass per unit length, ——.
wa'h

Az the thin, or elementary, discs range
from the vertex to the base, x ranges
from 0 to 2 S0 0 and & are the limits of
integration,

- Se=3 e

24

A Ax—=D P .

I_IJEBMagx.;dx_BMag x
o oK 2 |5,
o e 3

= c: RSy =—Ma2,asrequired

2k 5 10

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 4

Question:

a Prove, using integration, that the moment of inertia of a uniform solid sphere,

of mass M and radius r, about a diameter is %Mrz .
[Tou may assume that the moment of inertia of a uniform dize, of mass #2 and radiue
a, about an axis through the centre perpendicular to the disc 1s lmc:;g.]

b Hence obtain the moment of inertia of a solid hemisphere, of mass s and radius 7,
about a diameter of its plane face. E

Solution:

PhysicsAndMathsTutor.com
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You consider the cone to be made
up of thin discs, each of thickness
& x, with the centre of the disc at a
distance x from the centre &' of the
sphere. If the radius of the disc 15 ¥,
then, using the formula ¥ = ik
tor the wolume of a cylinder, the
volume of a thin disc is 73 *5x.

The maszs per unit volume of the sphere 15
M 3M

—_—3 -1
iﬂrE‘jEr,////
3

The moment of inertia of an elementary disc 15 given by

5i= %(M}f

y:{ =l i
Hence
1 3 EYY
51 =(ny*sx S
2( Z )[4?T.?'3]y 8r° &

= % r":‘—xz)2 5x=% A +x4)5x
23 2

For the complete sphere

A
Joad E &= E il (R P e ¥
8?"3( )

Ag Sx—=0

Touare expected to know that
the wvolume of a sphere of radius

Fis —mr
3

Youlnow, from module CZ2, that

the equation of the circle 13

F+yt=rt

TaAM

3M|: " 2rtxt X T
=—|r x= +—

g 3 5

; - #
A comtnon error 18 to inte grate

3
r . ;
as = With respectto x, #is a

4 4
constant so Jr dr=r"x.

M| s 2 P 5 20 0
= ||t | Tt ———=
ar 3 5 3 5

2
=%x 2:"5[1—%+1 ]=3Mr XE

ar

ngj . as required

PhysicsAndMathsTutor.com
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g ¥ : If you consider a complete sphere as being

N\ tnade up to two hemispheres, then, by the

@ ‘-.__ addition rule, the sum of the moments of
inertia of the two hemispheres about the axis
[ omemmmmimes i e | 6 inthis diagram, must equal the moment of
o o———— ] inertia of the whole sphere about I Soa

! hemisphere has half the moment of tnertia of
: & the whole sphere. Howewver, the mass a2 i3

bt i not now the mass of the whole sphere and
vou must be careful to aveid the incorrect

2

afls Wer l FRE .
/ :

Ifthe mass of the whole sphere 15 2e and the radius of the sphere is #, then
uzing the result of part a, the moment of inertia of the whole sphere iz

2 4

2 (@m)rt = Zmr

By symmetry, the moment of inertia of the hemisphere, labelled @ inthe diagram
about {, must equal the moment of inertia of the hemisphere, labelled @ in the
diagratm, about the same asxis.

Hence, the moment of ihertia of one hemisphere is

1 4 4 2 4

— M —r — M

2 5 5

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 5

Question:

A umform square lamina ASCD, of mass s and side 2a, 15 free to rotate 1n a vertical
plane about an axis through its centre & Particles, each of mass s, are attached at the
points A and 5 The system 15 released from rest with AR vertical.

Zhow that the angular speed of the square when AF is horizontal 13 S_g] E

T
Solution:
& |
. m_A
D @ Axis of rotation
&
) X
il
| ®
C m B

The moment of inertia of the lamina alone about the axis of rotation 12 given, using the

perpendicular axes theorem, by The moment of inertia of the
I =g+l / lamina about Ox 1n the diagram 1s,

1 4 . 2 by the stretching rule, the same as
= —pa" +—ma =—ma ; - -
2 2 3 the moment of inertia of a uniform
OA? = OB? = 42 442 = 242 rod about its centre.

The moment of inertia of the lamina together with the particles about the axis of
rotation is given by

D=1, +m(08 ) +m(0B) 4

In many questions, involving
3 % 3 a1 g moments of inertia, you need to
= Ema +m(2a )+m(2a )= Ema begin by finding the moment of

Az the loaded plate rotates from the position mertia of the whole system, in this

with A5 vertical to the position with A8 horizontal case the lamina with both particles,

Conservation of energy about the ams of rotation.

Einetic energy gained = Potential energy lost

1gi ﬁ_,___———-— Az A8 mowes from the vertical to
5 18° =mexla

the horizontal, the position of the
centre of the lamina 15 unchanged

g = — R and the level of the particle at 5 15
! g Ta the same in the vertical and
3 herizontal positions. Zo the only
s bz ; potential energy lost is by the
¢ = \![ﬂ] ABeengioes: particle at 4 falling a distance 2e.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 6

Question:

& uniform rod AB, of mass » and length 2a, 13 free to rotate in a vertical plane about a
smooth horizontal axis through 4 and perpendicular to the plane. The rod hangs in
equilibrium with & below A, The rod 15 rotated through a small angle and released
from rest at time £ =0

a Show that the motion 15 approzumately simple harmonic.

b Using this approzimation, find the time £ when the rod iz first vertical after being

released. E
Solution:
a A
. -'\'x\__ a Eates of change of the angle are
RN always measured in the direction of

X & increasing. 5o here the moment
of the mass of the rod about A will
be negative,

The equation of rotational motion about 4 is
L=1ig

«— | Standard results for moments of

—mgasind = imagg inertia are given in the Formulae
Booklet.

g = —3—gsin5'

ot

Forsmall 2, 5in8 =& Comparing this equation with
B | oo s
§'= _3_39 e 4(3

da will need this to answer part b,

Comparing with the standard equation for
simple harmonic motion, 8 = —*8 _ the
motion 18 approximately simply harmonic,

h i= lT= l xzj = — The peried of the motion 15 the time it takes
4 4 w Zw for the rod, after it is released, to return to its
a starting position for the first time. The time
= 28 = H'\/ [EJ from the first release to when the rod first
2‘\! [—] teaches the vertical 15 one quarter of this
% period.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 7

Question:

A uniform lamina of mass #2 13 in the shape of a rectangle PORS, where PO =8z and
OF =t
a Find the moment of inertia of the lamina about the edge PO

}

=

7

The flap on a letterbox iz modelled as such a latnina The flap iz free to rotate about an
axiz along its horizontal edge PO, as shown in the figure. The flap iz releazed from
rest in a horizontal position. Ttthen swings down into a vertical position.
b Show that the angular speed of the flap as it reaches the vertical position 1s

£

2a )

¢ Find the magnitude of the vertical component of the resultant force of the axis 20
ot the flap, as it reaches the vertical position E

Solution:

PhysicsAndMathsTutor.com
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P (o |

Stretch
6a | g

8 Ra R
The moment of mertia of the lamina
about O 1= given by

= imft = im{Ba}’ =12’
3 3

A the lamina PORY can be formed
by stretehung a rod P8 without
altering the distribution of the mass
relative to PO, then, by the
stretching rule, the moment of
wertia of the lamma about PQ 15

the same as the rod, %Mj ,where

21 15 the length of FS Here
FR=3=8a,

+—— This diagram 1s drawn viewing the
flap from the side. The weight acts
at the centre of mass of the lamina

mg | ™

Let P8 make an angle 8 with the downward vertical at tume £,

When PSreaches the vertical
Conservation of energy

Einetic energy gained = Potential energy lost
1

Gma 8 = Jmga
gt e, ¥
bz 2a
The angular speed of the flap as it reaches the

vertical position is \/ [._g._ J as required.
2a

}-4

515‘“ = mg 3 +— In falling from the horizontal to the

vertical position, the centre of mass
of the lamina falls a distance 3a

X
3a |

mg I

+— When writing down an equation of
motion, vou consider the whole
masg of the lamina to be at the
centre of mass of the lamina, which
15 3a from the axis of rotation.

Let the magnitude of the vertical component of the
resultant force of the azis P onthe flap, as it
reaches the vertical positionbe ¥

BT F =ma

F—mg = mrd?

- — From part b, we know that
; 14
g grl=5_
= il ) —=—
(3a) a 2

3 5
F=mg+-mg=—mg

2

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 8

Question:

A uniform circular disc has mass s and radius . The disc can rotate freely about an
axis that 15 in the same plane as the disc and tangential to the disc at a point 4 on its
citcumference. The disc hangs at rest in equilibrium with its centre & vertically below
A

A particle P oof mass e 2 mowving hoerizontally and perpendicular to the disc with speed
WfikEa) |, where k15 a constant. The particle then strikes the disc at & and adheres to it

at O,
Given that the disc rotates through an angle of 90° before first coming to
instantaneous rest, find the walue of & E

Solution:

PhysicsAndMathsTutor.com
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Axis of
rotation

i,

M

By symmetry, the moments of inertia about the
perpendicular axes s and s, shown in the diagram, are equal

By the perpendicular axes theorem,

h= f’“l +f’“2 The standard result for a disc, of mass » and
1 57 radius «, 15 that the moment of mnertia of the disc
Em TS about an axis, shown in this diagram as {, 13
1 ;
_ 14 ~ma® . From this, vou find the moment of
L, = —ma ¥
"
: inertia about the ams of rotation using both the
TTzing the parallel axes theoretn, the ; £
moment of ine#tia of the dise, I, , about perpendicular and parallel axes theorems.

the axiz of rotation 15 given by

5
L= fml +mat = —ma’ +ma’ = mat
A
J(kga) |
@ + () 4 This sketch iz drawn looking at the
i dizc edge on

PhysicsAndMathsTutor.com
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Let the angular velocity of the disc and P immediately after impact be o,
Conzervation of angular momentum about A

mva = 18

9
i Gga)d = 2 b eo

_

Conzervation of energy
1
5 lew* = 2mgxa

1 9 , l6kg

— ¥ = % = Zmmgn
2 4 dla
2
§Mga = 2mga
B 18z _
2mga

© Pearson Education Ltd 2C
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lela}

mnertia of the disc and F about the
axis of rotation is the moment of

H‘_'___f——-'- By the addition rule, the moment of

m (hgala = [gmg +ma’

inertia of the disc Gmﬂ] added

to the moment of inertia of P about
the axis of rotation (ma’).

+-—

In movwing from the vertical through
90° both the centre of mass of the
dizsc and F, that iz a total mass of
Zm, rize the distance a.

Page3 of 3
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Review Exercise 2
Exercise A, Question 9

Question:

Arod AR, of length 2a and mass 2r2, lies at rest on a smooth horizontal table and 13
pivoted about a smooth vertical azis through A, A small body of mass s, moving on
the table with speed I at right angles to the rod, strikes the rod at a distance & from A
iven that the body sticks to the rod after impact, find the angular speed with which

the rod starts to mowe. E
Solution:
A
A A
Il |

Let the angular speed of the rod and body
about A immediately after the impact be o
Cong.eﬂfaticun of angular momentum about 4

mle =l EBefore the unpact, the angular
4 momentum of the body of mass m
mid = [—(2?}3}@2 + s ]w 1z the linear momentum of the body
3 (22 I multiplied by the distance &
0= me el
§ma2 +mad A5 the mass of the particle 15 2m, the moment
of inertia of the red about its end is i P
A 3
Ba’ +3d" To thizs you must add the moment of nertia of
the body of mass m about 4.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 10

Question:

The figure shows a pulley in the form of a uniform disc of mass 2, centre &, and
radiuz ¢ The pulley is free to rotate in a vertical plane about a fized smooth horizontal
axiz through O A light inextensible string has one end attached to a point on the rim
of the pulley and 15 wrapped several times round the rim. The portion of the string
which 15 not wrapped round the pulley 1z of length da and has a particle F of mass w2
attached to its free end. P 15 held close to the rim of the disc and level with &, with the
dizc at rest. The particle P iz released from rest in thiz position

Determine the angular speed of the disc immediately after the string becomes taut. &

Solution:

Let v be the speed P immediately before the string becomes taut.
v =u? +2as

=P +2xgxda Ffalls a distance 4 freely under

v = (8za) gravity before the string becomes taut

The combined moment of inertia of the pulley and F about & 15 given by
7 =%(2m}az +ma’ = Zma’

Let the angular speed of the pulley

about O imme diately after the impact be . +—— wwill also be the angular speed of
Conservation of angular momentum about & Fakout O

e = 19

_ 2
mx (Bag)x = CHagp Eefore the impulse, use the moment

of the linear momentum of F about
_4(843}_,\/[23] o
w e, e ———
2ot a

After the impulse, use Jfeo for the
disc and P,

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 11

Question:

A uniform circular disc, of mass s and radius 7, haz a diameter A5 The point &' on A8
. 1 . . . .
1z such that AC = Er. The disc can rotate freely in a vertical plane about a horizontal

axis through O, perpendicular to the plane of the disc. The disc makes small
oscillations in a wertical plane about the posttion of equilibrium 1n which & 15 below A
a Show that the motion 15 approximately simple harmonic,

b Show that the period of this approximate simple harmonic motion is 7 i
g

The speed of B when it 15 vertically below A 15 f% . The disc comes to rest when OF

takes an angle & with the downward vertical

¢ Find an approximate value of o E
Solution:
a i
L
4 (' :
Ly
() - f
! _/'l.
8

Let the centre of the disc be O
E¥ the parallel axes theorem, the moment of inertia,
I, of the disc about C iz given by

1 2
Io=dstm| —
o g m[z”"J

1 1
= —nr? + S ppr® = Zonr?
2 4
LY Thiz diagram iz drawn locking at
¢ \h‘; L, / the disc edge on
o\ o
TN Eates of change of the angle are
| N\ always measured in the direction of
v \ & increasing, 3o here the moment
mg N B of the mass of the rod about A will
b 4 ke negative.

PhysicsAndMathsTutor.com
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The equation of rotational motion about & 1z
L =18

1 3 =
—mg [—r sin 5‘] = "t
2 4

g = —E sin &
ETy
Forsmall &, 5108 =8
Hence
Gl ity
3r

Comparing with the standard equation
tor simple harmonic motion, & = —8

the motion 15 approximately simply harmonic,

: 2
with e =—g.

Page2 of 3

ymg

The perpendicular distance from O to the line of
action of the weight 15 given by

1i= nd= p= %r sin &, g0 the magnitude of
—F

2

moment of the weight about O is

mgx[%rsiné‘]. This morment 15 tending to make

& decreaze, 2o it has a negative sign in this
equation.

b The period of approximate simple harmonic motion i3 given by

Tzz_ﬂzizgﬁ\j[q
Zg 2g
= ﬁr'\/ [E J as required
g

PhysicsAndMathsTutor.com
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The speed of F at B iz the mazimum speed
during the simple harmonic motion,

Using v=r& with the speed of B
V(&G
54 2
g :\/ 4 ,ﬁ:%\/ b
24 ) 3 3 S4r

Atthe maximum angular speed

g = «

NENE!

3
108

J

In module B3, vou learnt that the
mazximum speed during simple
hartnonic motion is at the centre of
the motion and 1z given by v=coa
where @ is the amplitude. & = wa
iz the corresponding formula for
angular motion o 15 the greatest
angle during the motion, which iz
where the body iz instantaneously
at rest

2 1 1 4] Thus is an approzimate answer. There are other
S W methods of solving this question, for example
using energy, which would give slightly
different answers, but answers should all
approximate to 0.11 radians.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 12

Question:

A uniform circular disc, of tmass #2, radius @ and centre &, 15 free to rotate tn a vertical

plane about a fized smooth horizontal axis. The axis passes through the mid-point A of

a radiug of the disc.

a Find an equation of motion for the disc when the line AD malces an angle & with
the downward wertical through 4.

b Hence find the period of small oscillations of the disc about itz pozition of stable
equilibrium.

When the line A7 makes an angle & with the downward vertical through A, the force

acting on the disc at 4 15 F.

¢ Find the magnitude of the component of F perpendicular to AD. E
Solution:
a . T
'
/ s
;
[ '8

By the parallel azes theorem, the mement of inertia, 7,
of the disc about A 18 given by

1 a
I,=i,+m| =
A a m[za]

1 1
= _ma’ +—ma = Z o’
3 4 4
Aw
\ 10
LAY
M 4

Thiz diagram is drawn looking at the disc edge on

The equation of motion about A 15

4_L_=__f:5‘________— The moment of the weight about 4
_ l o _E 25 1z tending to take & decrease so
g 245”1 gl this term has a negative sign.
22 2
8 = et sin &
bl

PhysicsAndMathsTutor.com
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b Forsmall 8, sind =8

Hence

- 2
g=-ZBg
3

Comparing with the standard equation for simple

harmonic motion, 8 = —w°8 | the motion is approzimately
2g

3

simply harmonic, with e = The period of small

oscillations 15 given by

Let the component of F perpendicular to AQ be X
il AN

X —wmgsind = mrd

——mgsin &
3 84

In part ¢, unlike part h, you are not
told that the oscillations are small,
so you must use the result of part a
to substitute for & .

{3

2
X = gmg sin &

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 13

Question:

% I
A ] ‘
i
y (O
./‘,. =
[ E "
vt

R
A thin uniform rod PO has mass 2 and length 32, A thin uniform circular dise, of
masz #2 and radiuz @, 12 attached to the rod at & in such a way that the rod and the
diameter (R of the disc are in a straight line with ZR = 54 . The rod together with the
disc form a composite body, as shown in the figure. The body is free to rotate about a
fized smooth horizental axis D through P, perpendicular to 20 and in the plane of the
dize,

2
a Show that the moment of inertia of the body about L 15 il ;

When PR s vertical, the body has angular speed oo and the centre of the disc strikez a

: ; 1 : ;
stationary particle of mass Em Giiven that the particle adherés to the centre of the

disc,
b find, in terms of ¢o, the angular speed of the body imme diately after the impact.
E
Solution:

PhysicsAndMathsTutor.com
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19 . a—
- W -
el 1 ™
-. 0 I x
\
A .
TR

Let O be the centre of the dizc.

The standard result for the moment of
wmertia of a disc [I =%ma2 ] 15 for an

axis through itz centre perpendicular to
the plane of the disc. From this you
need to find the moement of nertia
about a diameter. You then use the
moment of inertia about a diameter to
find the moment of inertia of the dizc
about L.

EBEv the perpendicular axes theorem,

the moment of inertia, 7, , about the diameter

through O perpendicular to P& 12 given by

Iptiy =1y
1.

2, = —ma

I = —mu

E¥w the parallel azes theorem the moment of inertia

of the disc, [, about £ 15 given by

Page2 of 2

£, =1, +mda)® ¢

65

= —pa’ +16ma’ =
4

The parallel azes are Ox and L. The
distance between these axes 1s
OF =44 |

The moment of inertia of the body about L 12 given by

2
f=fd.+im[3—a] -
gL 2

. TTma’

6 5ot
SR g

b The moment of inertia, [, of the body and

the particle combined 1z given by

. a8 required

TTzing the standard result for the
moment of wertia of a rod about itz

end [ = %mﬁ ] The length of the
rod PO 15 3a giving
A=3a=1! =§a :

=i +%m(4a]l2 4

_ Tma® 2 10%ma

+ B

The patticle of mass lzm 15 at O
that 1z da from L.

Let the angular speed of the body immediately after the impact be @ .
Conservation of angular momentum about £

T = Iw
10%ma® 77w’
o= o
4 4
i
o= ——em
103

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 14

Question:

A thin uniform rod A8, of mass M and length 25, 15 freely pivoted at A The rod hangs

vertically with B below A & particle of tnass IEM travelling horizontally with speed

&, strikes the rod at B After thiz impact the patrticle is at rest and the rod starts to mowve
with angular speed oo,

a Show that m=E.

. L 1
The rod comes to instantaneous rest when A8 13 inclined at an angle aru:cos[g ] to the

downward vertical.

b Findwin terms of L and g E

Solution:

PhysicsAndMathsTutor.com
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Conservation of angular momentum about 4.

After the impact the particle is at
rest, so the only angular momentum
1z that of the rod A8 about 1tz end

A

Lotuxar =2upw <
2 3
G u .
0= ——>=— as required
sML 4
b A
| Feosa H\-‘\ L

1

@ = EII’EEOS[

In this diagram, & 15 the centre of
mass of the rod and

)

Conzervation of energy
Einetic energy lost = Potential energy gained

B

%Iwz = Mg(ﬁ.—ﬁ.cosaj

2
LA 22 = Mg L
23 47 3
ERYY :EMg..z
g 2
. 186
=i
i 9 £
7 =%N[(g£.)

© Pearson Education Ltd 2C
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Az the rod swings through an angle
a , the centre of mass of the rod &
rises a distance L—Lcosa .

TTzing the result of part a.
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Review Exercise 2
Exercise A, Question 15

Question:
A
P
/ \l‘\
D< >B
, 7~
) o
\\ Fd
rd
LS
P

The figure shows four uniform rods, each of mass m and length 2a, rigidly fixed
together to form a square frameworle A8C0 The frameworl iz free to rotate about a
fized smooth horizontal axis which passes through 4 and is perpendicular to the plane
ABCD

a Find the moment of inertia of the framework about this axis

b Show, that for small ascillations of the framework about its position of equilibrium

1
(5@).::}3

3g

with O below A, the period of oscillation of the motion 13 2??[

Solution:

PhysicsAndMathsTutor.com
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”’-'.'_. T ST i B

Let & be the mid-point of 5T

AR =& + (24" =54 PR e TTsing Pythagoras' Theorem

By the parallel axes theorem, the moment of inertia
of the rod BC about the axis through A i given by

JnE %mﬂ +md B

= —p” +5mat = — ma
3 3

The meoment of inertia of the framework about

the aziz through 4 1z given by
I=lptip+tim+ting

= imaz +— g’ +E i’ +ima2
3 2 3
3

b Let O be the centre of the frameworl
AO* + BO? = AB* = 44°
A0 = da* = 407 =247

By aymmetry, the moment of
mertia of the rod O about the axis
through A 15 the same as the
moment of inertia of the rod BC

The total weight of the framework, damg,
acts at the centre of the framework &
and, to form the equation of motion, you
need to find the distance of the centre of
mags from the azxiz of rotation.

A =2z

PhysicsAndMathsTutor.com
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: !,;'x". 2a This diagram is drawn locking at the
\*\\ ) oscillation of the frameworl from the side.
b
LS
\\
¥y 4mg

The equation of angular motion about A 15

L=1i8

' FE——

— g (*u[ 2@:) sin &= 4—;:*?@&25

=—3N[2‘gsin5'=— ie sin &
10a 5 2
Forsmall &, 51n8 =8
Hence
S 3g
gd=- g
54 2a

Cotnparing with the standard equation for simple
harmonic motion, & = —en’8 _ the motion is

; : _ , 3
approxzimately simply harmonic, with o’ = g

54 2a

The period of small cecillations is given by

1
54 2a

2 2 T .
, as required
g

Fmii= 1=2ﬁ[
" (&S
5+ 2a

© Pearson Education Ltd 2C
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The moment of the weight about
the axis through A 1z making &
decrease and so has a negative sign
i the equation of motion.

Page3 of 3



Heinemann Solutionbank: Mechanics 5 Pagel of 3

Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 16

Question:

A uniform square lamina ASCD, of mass m and side 2a, 15 free to rotate in a vertical
plane about a fized smooth horizontal axis £ which passes through 4 and is
perpendicular to the plane of the lamina The moment of inertia of the lamina about £

2
. Bmaz
18

Given that the lamina is released from rest when the line AC makes an angle of =

with the downward wertical,

a find the magnitude of the vertical component of the force acting on the lamina at 4
when the line AC 12 vertical

Given instead that the lamina now makes small cecillations about itz position of stable

equilibrium,

b find the period of theze cscillations. E

Solution:

PhysicsAndMathsTutor.com
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A A
.
N2a
-// / \\.
D¢ > B
N 0 y
r /f
\\v i
c

Let & be the centre of mass of the lamina
AR + 08 = AF?
A0 =44% = A0* = 247

The weight of the lamina, me, acts
at the centre of the lamina & and
you need to find the distance of the

A0 =+ 24 centre of mass from the axis of
rotation.

A

A & M
| 2acos ;—-\'\"'-" Za +— Asthe lamina swings through an
Vgl v Il () angle & with the wertical, the centre
v | 1\\ of mass falls a distance of
o N 2a—2ace:d.
o
I e

Conservation of energy

%féz =mg(N[2cz—N[2acosﬂ)

2 -
lxgma g% =mg42a[]—cos£]=m€ﬁ[2a
2 3 2

_3d2g

s
When AC 15 wertical let the wvertical component
of the force acting on the lamina at 4 be ¥

5'2

(&5

PhysicsAndMathsTutor.com

The equation of motion needed to
find the vertical component will
contain a term for the radial
acceleration #8° and 8%, when AQ
1z vertical, can be found by
conservation of energy.

1—cos£=1—

| [y
| T [
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R(T F=ma
Y —mg = mN 2a18°
3 2g

s

Y =mg+mv2ax
=m +3m —?m
g 5 =4 ) =4

b The equation of angular motion about 4 15
L=

—mg (¥ 2a)sin 8 = gmzﬂ

g =- 342g gin &
B
Forsmall 8,5in8 =8 < This approxzimation, in radians, is
Hence accurate to within 1% up to 0.24
9-2_3‘1[ Egg radians or up to 1375°. This 15
S accurate enough for many practical
Comparing with the standard equation for | purpeses.

sitmple harmonic motion, &= —w’8  the
motion is approximately simply harmonic,

3 2g

= The period of small oscillations is given by
i

with e’ =

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 17

Question:

A uniformrod AS, of length 22 and mass m, can rotate freely about a fixed horizontal
axis through A. & particle of mass #2 15 attached at 8. When A5 15 vertical, with 5

below A, the system has angular speed g E]

[

a Show that, when A5 iz horizontal, its angular speed iz ; E_g ]
a

b Find the horizontal component of the force exerted by the rod on the axis when A8
1z horizontal. E

Solution:

PhysicsAndMathsTutor.com
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=

G +

The centre of mass, 7, of the
combined rod of mass m and
patticle of mass 2 will be half way
between the middle of the rod and

the particle at 5, so AG=§¢1 :

The moment of inertia of the combined rod and particle about A 15 given by

! =%ma2 +mi2a)’ =§ma2

Let the angular speed of the system when A5
1z horizontal be e,
Conzervation of energy

Page2 of 2

*+— &3 the rod mowves from the vertical

to the horizontal the centre of mass

: ; 3
of the systetn rises a distance —a

1, 2 1 4 3
—Jop —— T =2 —a
2 R 2 g 2
lx Emagx[Q_g]_lemagwg = Zmga
2 da 2 3
= mat et = B — Sraga
2_Jg _9 28
Bz 16 a

], as required

b "When AZ iz horizontal, let the horizontal component of the force exerted by the rod

on the axis be X
TWhen A8 15 horizontal

Rie) X =(2mrd"
2 Nea) ¢

© Pearson Education Ltd 2C
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The weight has no component in
the horizontal direction.
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Review Exercise 2
Exercise A, Question 18

Question:

Particles P and (' have maszs 3 and m respectively. Particle P 15 attached to one end
of a light inextensible string and (! is attached to the other end. The string passes over
a circular pulley which can freely rotate in a vertical plane about a fized horizontal
azxis through itz centre & The pulley is maodelled as a uniform circular disc of mass 2
and radius &, The pulley iz sufficiently rough to prevent the string slipping The

syatetn 15 at rest with the string taut. & third particle & of mass s falls freely under
gravity from rest for a distance a before striking and adhering to @ Immediately
before & strikes (J, particles M and O are at rest with the string taut

a Show that, immediately after & strikes (2, the angular speed of the pulley 1z

11 g
3 22 )
When K strikes (0, there 13 an impulze in the string attached to O

b Find the magnitude of this impulse.
Given that & does not hit the pulley,

¢ findthe distance that P moves upwards before first coming to instantanecus rest.

E

Solution:

PhysicsAndMathsTutor.com
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Fe @ Oand R e——— Radheres to O and, after the
impact, they form a single particle

Inie w 2mgw
“ of mass 2.

v =t 4 2as

=0*+ 2ga \
v =+ (2ag)
Let the angular speed of the disc
immediately after impacthe . o |

Ceonservation of angular momentum
about the centre of the pulley O

Tou first need to find the speed of
Fimmediately before it strikes (.

Az the string does not slip, ¢ iz
also the angular speed of the whole
systemn, consisting of the pulley,

] three particles and string.

m (2gaixa = [B;fna:4 + P’ +1§ (2w |eo

= b e \

The moment of inertia of the
(2ga) 1

\/[ g J ed system about O is given by
= = |, as require b
G 3 2 E f_ff+fzmg+fp1ﬂky

o=

= (Tma’ +(2m)a’ +%(2ma2)

_ 2
b The impulse J in the string attached to () = b’
i given by
J = 2maw—m (2ga) g Immediately before impact, only &
1 g 15 meving and has linear
= ZMQXE\I[EJ—M*\[ (2ga) momentum #v=mY (2ga).

1 9 Immediately after impact, {0 and &
=§m”"[':2.€f1:'_m"‘*[ (2gcx)=—§m*q[ (Zga) are combined and have linear
momentum Zpne, where v=aw.

The magnitude of the impulse iz %mwr (2ga).

PhysicsAndMathsTutor.com
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¢ Let the distance that 2 moves upwards before
first cotning to instantanecus rest be &
Conzervation of energy
Einetic energy lost = Potential energy gained

1 : .
5 Ieo* = Smgs— 2mgs +——— Phasrisen a distance of s and
gained potential energy 3mgs. O

l(ﬁimg)i = mgs and & have fallen a distance s and
2 18a have lost potential energy 2amege.
] The net gain in potential energy is
e Ea mgs.

All of the kinetic energy of the
system has been lost.

Tzing the expression for the
angular speed found in part a

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 19

Question:

A uniform circular disc of mass # and radius # 13 free to rotate about a fized smoocth
. : : : . 1
horizontal axis perpendicular to the plane of the disc and at a distance —» from the

centre of the disc. The disc is held at rest with the centre of the disc vertically abowve
the axis.

Given that the dizc is slightly disturbed from ite position of rest, find the magnitude of
the force on the axis when the centre of the disc iz in the horizontal plane of the axis.

E

Solution:

PhysicsAndMathsTutor.com
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Let O be the centre of the disc and the point where
the axiz of rotation tmeets the dizc ke 4

By the parallel axes theorem, the motment of inertia,

£y, of the disc about A 15 given by

1 2
l,=1+m =
A & m[zr]

1 1
= 4o = o
2 4
k\}
\‘\_ .11 o
\\ L ’
k 0 -
N R e
L s
E f
A v Mg

When A has rotated through an angle &,
let the components of the force parallel

and perpendicular to AD be X and Frespectively.
Ceonservation of energy

1 = : 1
Examrzﬂz = Emgr(l—cosé?)

The centre of mass & of the disc

has fallen a distance lr—lrcosﬁ )

rd*= %g(l—cosé‘] L

R(|40) F =ma

mgrosf—X = m[%r]&jg

A =mg cosﬂ—%mx%g(l—cosé‘)

L] Lh

mgcosg—gmg

PhysicsAndMathsTutor.com
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When A is horizontal, 8 = %

A= —Emg “ The component of the force parallel

3 te AT i3 in the opposite direction to
R(LAQ) F=ma that indicated in the diagram. When
drawing diagrams of the forces
acting on the axis of rotation, you
1. need not worry about the directions
F=mgsind——wmrd @ of the components. If you hawve

2 them the wrong way round, this

comes out in the working,

mgsn8-F =m[%r]5‘

Differentiating (@ with respect to £

2rd 8 = %gsinﬂé \
2

rd="gsingd @ Tsing the chain rule,
ioing O 2 6%y =2 @ 2 = 266 ana
Substituting 3 intoe @ I 5 7P

. 1 : 2 :
I"—mgsmg—gmgsmg—gmgsmﬂ i(c055)=i(c055)xﬁ=—sin5§
ds 45 de

When A iz horizontal, & =g
2

Y=—m
3 g

Let the magnitude of the force on the axis be &

zt :Xz+}f2:ingz+ingn:§mngz
2 2

R ="y
z

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 20

Question:

A uniform rod A5, of mass s and length 2a, 1= free to rotate in a vertical plane about a
fized smooth horizontal azis through A. The rod is hanging in equilibrium with &
below A when it 15 hit by a particle of mass # moving horizontally with speed v ina
vertical plane perpendicular to the axis. The particle strikes the rod at 5 and
immediately adheres to it

a Show that the angular speed of the rod immediately after the impact iz s—v
a

Given that the rod rotates through 120° before first coming to instantaneous rest,
b find vin terms of @ and g,
¢ find, in terms of s and g, the magnitude of the vertical component of the force

acting on the rod at 4 immediately after the impact. E
Solution:
a {
-
2a
k]
" ®
@ £y =
B

Let the angular speed of the rod

immediately after the impactbe oo

The moment of inertia, [, of the rod

combined with the particle about 4 is given by
f=dg+lni

= imag +m(Za)t = Emag
3 3

Conzervation of angular momentum about 4

+ Eefore the impact, the angular
v Da = Emgw momentum of the particle about A
1z its linear momentum ()

multiplied by the distance A8 (Za).

Epag 3w ;
= =—, as required

Cﬂ e r
16mz  Ba

b Let the centre of mass of the particle combined

with the rod be G, then The centre of mass, F, of the
AG=Ea ./ cotmbined rod of mass w2 and

2 patticle of mass # will be half way
between the middle of the rod and

the particle at &5, so ﬂCF:%a:.

PhysicsAndMathsTutor.com
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Conzervation of energy

Page2 of 2

1 ] 3 3
—fm2=2mgx[—cz+—asin30"J - O
2 2 2 T S T
o ;mm Ll
§ 2[3_";] =Emga A r_. ......
3 Ha 2 a
9 B
2
v = —x—pga=lZga
2 33 o O
v =+ {12ga) =2+ (3ga)

[
B +2mg

Let the magnitude of the wertical component of

Az AB rotates through 1207, Grizes

a distance of Ecx—i—ia sin 30" = Ea.

the force acting on the rod at A immediately after the impactbe ¥

Immediately after the impact
E(T) F=ma
Y—2mg = 2wrd”

The radial component of the
acceleration is r&°.

Tsing the answer to part a.

I BE
i T

31 112

Y =Dt — g = —
T AT

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

Tzing the answer to part b,




Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 21

Question:

A uniform lamina, of mass s, has the form of a quadrant of a circle radius a.
a =Show, by integration, that the moment of inertia of the lamina about an axis
perpendicular to the plane of the lamina and through the centre of the circle of

2

i g 4
which it iz partt, iz Ema

The lamina 15 free to rotate about £, which 15 horizontal, and when the centre of mass
of the lamina 1z imme diately below the axis of rotation the angular speed 13 £2

b Determine whether the lamina makes complete revolutions in the cases

i Q=2] 5],
v

Solution:

—_—
.
i

£ Tou consider the quadrant to be
P 4 made up of thin “quarter rings’,
— j each of thickness Jx.

; .M
The mass per unit area of the quadrant is =—

The moment of inertia of an element

of radiug x and thickness dx iz given by

< 3
81 = (Sm)r® =[?xim;5x]x2 SR

Each ‘quarter ring” has length one
ruarter of the circumference of the

2

ma & cotresponding complete circle, that

For the whole quadrant 1 X
15 —x 2mx=—.
s 4
I=ZSI=Z M S
i

As dx—=10

a 3 4R
i =I L PR

0o da” |,

5 2mat 1

2 -
= —pm”, as required

A°

]

PhysicsAndMathsTutor.com
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Let & be the centre of mass of the quadrant,

2 the centre of the circle of which the quadrant

1z part, and OG=7x . Thiz formula for the centre of mass
= er sl ok / of a sector of a circle, radius »,

e
With =2
4
— Tog 1
. asmz_ ax42_4*{[2a
20 3 3

For complete revelutions, by energy,

%IQQEMgXEE “‘"‘__—_——__—_—#_

1o s 2y Za
4 3
.-~ 224 2g
3ra

SEINEEE

atgle at centre 2o, 13 one of the
formulae for module 12 given in
the Formulae Booklet. For module
WIS you are expected to know the

W3 and 34 together with their
associated formulae.

specifications for modules M1, T2,

For complete revolutions, the
kinetic energy at the lowest point
must be sufficient to allow the
centre of mass of the lamina, &, to
rise from the point where & 13
vertically below O to the point
where (7 is vertically abowe O, that

is a distance of 2x .

i IfQ=2'\j[§], as 2 < 2.19, the lamina does not

@
make complete revolutions.

g
e}

n Ifo= BaJ [— ] as 3= 2.1%, the lamina does make complete revolutions.

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 22

Question:

A uniformrod AB, of length 22 and mass 6, has a particle of mass 2 attached at 5.
The rod 15 free to rotate in a vertical plane about a smooth fized wvertical axis
perpendicular to the rod and passing through a point & of the rod so that AY = x,
where x < a .

a Show that the moment of inertia of the system about this axis is

-4»*?2(-4@;2 — Sax+ Exg).

b Find the period of small czcillations of the system about its equilibrium position

with & below A, E

Solution:

@

Let the mid-point of the rod be A
The momernt of inertia of the rod, 7, about X is given by

1
s g(ﬁm)czz +6mx XM? «——— Using the parallel azes theorem.

= 2’ + Emla — 2)°
The moment of inertia, J, of the rod

and particle combined 1z given by

I=i,+i,
= Zma’ +bmla—x) +2m(2a—x)*
= P +6ma” —12max + 6pw” +Bma’ — Soax + 2w
= 16ma” — 20max + Smx”

= 4m(4a2 — Dax +2x2),as recquired

PhysicsAndMathsTutor.com
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b Let the centre of mass of the rod and
particle combined be G and GA =% .

WA Bemgx = b la — x)+ 2mg(2a— x)
8% =fa—-6x+da—2x=10a—-8x

o
X=—ua
4
A
Y
X
-‘\
5 \ ¥
9\ G
: ‘-\\
\\
L] o ""
amg B x;'
6,/

The equation of rotational motion about X 1z

=18
-4

—x | Thetotal weight of the rod and

particle acts at &F and vou can find
the positien of Fhy taking
moments about X You can then use
this distance to write down the
equation of rotational motion.

—Bmgxsnd = 8

Bmgx .
MEX zin &

5
q i
mg[4 ] xj
{ 4m|:4c12 —Sax+ 22:2}

g(ﬂa = 42:)
2[4@2 —Sax+ 2% :l

g
Forsmall &,51n8 =8

Hence

_Bmgxg:_

g=

The moment of the weight about
the axis through X is tending to
take & decrease and so has a
negative sign in the equation of
rotational motion,

Comparing with the standard equation for simple

harmonic motion, & = —ew*d . the motion is
approzimately simply harmonic, with

. g(oa—4x) |
2 (4:;:2 - 5::x+2x2)

The peried of small oscillations 15 given by

1
2(4a* - Sax +2x° )|
ngﬁzzﬂ (a ax + x)
3 g(ﬁa—4x)

© Pearson Education Ltd 2C
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gl:ﬁa - 4x>

- m=[2[4az—5ax+23’2}]b a8

you use this expression in the
formula for the period of simple

; ; 2
harmonic motion T =—.

Ll ]

Page2 of 2



Heinemann Solutionbank: Mechanics 5

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 23

Question:
.f’f 8 rd g _‘\\.
|III i | ‘i’i ||l B "I
| = . " |
-.\} a ;I.- 2 da '.\ \”\‘ ]
=3 4 Y, -

A body consists of two uniform circular discs, each of mass # and radius a, with a
uniform rod. The centres of the dizcs are fized to the ends A and B of the rod, which
has mass 3w and length 2. The disce and the rod are coplanar, as shown in the figure.
The body iz free to rotate in a vertical plane about a smeoth fized horizontal azis. The
axiz iz perpendicular to the plane of the dizcs and passes through the point & of the
rod, where AQ =31,

a Show that the moment of inertia of the body about the axis is Sdma®.
The body iz held at rest with A8 horizontal and is then released. When the body has

turned through an angle of 207, the rod A5 strikes a small fized smooth peg F where
OF =2a . Given that the body rebounds from the peg with itz angular speed halved by
the impact,

b chow that the magnitude of the impulse exerted on the body by the peg at the

impact 15 % [%] E

Solution:

PhysicsAndMathsTutor.com
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a N 0 M

, . : t—p |
“a/ 2a a 3a "”
The mement of inertia of the red 48, 15,
about & is given by

Fag= % (3miida)® + (Gmda’ = 19ma”
The moment of inertia of the disc cen;m

about & is given by

iy= %mag +m(3a)? = 1—299?342

The moment of inertia of the disc
centre 5,7, about & iz given by

Iy= %mag +m(5a)t = %mag

In this diagram, M iz the mid-point
of AS. By symmetry, M is the
centre of mass of the body.

Tou use the parallel azes theorem
for all three of the component parts
which make up the body.

The moment of inertia of the whole body, [, about @13 given by

I=1a+i,+i;
= 1%ma* +Ema2 +Emac2

= 5dma’®, as required

PhysicsAndMathsTutor.com
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b = a sin 30°

mg o :

—

Az the body rotates through 307,
the centre of mass of the body, A,
falls wertically a distance

Let the angular speed of the body immediately
before the impact be oo
Conservation of energy

Einetic energy gained = Potential energy lost

asin 307 =la:.

1
—iw® =Smox —a
2 E 2

2 _ omga_ Dg
i Sda

RVERNE)

Let the angular speed of the body immediately
after the impactbe @ .

= %.\/ [Z_g]#. The guestion gives yvou that the
ct

angular speed 15 halved by the
Let S be the magnitude of the impulse exerted imnpact.

on the body by the peg at the impact

il 2]

Moment of impulse = change in angul ar mom entum
< . The impulse iz in a direction which
—3ad =I{-w -1
& I: i :l = decreases the angle the rod makes
with the horizontal

= S %,\] [5_ The angular velocities

before and after impact
are in opposite senses. 4s

- 2 1 tg drawn, e 13 clockwise
=S’ » E —

and eo 15 anti-clockowise.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 24

Question:

a =Show that the moment of inertia of a uniform solid right circular cone, of
mass #2, height b and base radius @, about a line through its vertex and
perpendicular to its axis of symimetry is

3
— mla® +4kY)
20
[Tou may assume that the moment of inertia of a uniform circular disc, of mass A

and radius &, about a diameter iz %MRQ ]

. 2 . . . .
A ocone, with b= —a, iz free to rotate about a smooth horizontal axis through its

WErtes

b Find the period of small czcillations under gravity about the stable position of
equilibrium. E

Solution:

PhysicsAndMathsTutor.com
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a Amxis of rotation

The mass per unit volume of the cone 1s
o 3Bm

1 2;3_3‘?'(22.32

—ma
3

The moment of inertia of an elementary disc
about the aziz of rotation iz given by

Tou consider the cone to be made
up of thin discs, rach of thickness
Ax with the centre of the disc at a
distance x from the vertex of the
cone, Ifthe radinz of the disc 15y,
then, using the formula,

V=nrih for the volume of a
cylinder, the volume of a thin disc
is mydx.

af = %(5??2)}32 +{Sm)x* <——— The question specifies that vou can use the
By similar triangles formula 7= %MRQ for the thin disc. You
E=i:::y=ﬂ uze this, with M =J5wm and £ =y, and the
x A& #
parallel axes theorem to form an
expression for the moment of inertia, &7,
of the thin disc about the axis of rotation.
Hence v ¥ \
2 e 2 2 kL 2 s
ai= —[?T_}? 5x:| — ¥ +|:;rr_y Ele — |% The mass, Sm, of the disc is its
mah mah volume, wy &x, multiplied by the
L Zm( a'xt a2t 2
=——| —+yp'x* Pr=—0e| —+—— |dx it 1 h :
agk[ 4 2 2l ant 2 mass per umt lengt =

= 43%[42 +4k2>x45x

For the complete cone

3m
o af = & +4R xS
z Zauﬁ[ )

* 3 3 x
I= L m[a" +4k" )t dxzm[af‘ +4;fj[?}

3 B 3
—(&+4h) —-0 = —m
4y 5 20

PhysicsAndMathsTutor.com

Az the thin, or elementary, discs
range from the wertex to the base, x
ranges from Oto b So 0 and b are
the limits of integration.

5 R

0

I:.:z:" +4u ) as required
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S

v Mg

Let A be the wvertex of the cone and &
the centre of mass of the cone.

A formula for the centre of mass of
a cone i3 given among the formulae

ﬂg:ih: E,ﬁazla for module I3 in the Formulae
4 4 3 2 Boollet For module M5 you are
- Ea expected to know the specifications
it for modules M1, 32, 13 and hid

2
f=im a’ +4}12)=im a’ +t4:'<.4i
20 20

The equation of motion about 4 13
L=18

;)

together with their associated
formulae.

al . 5 =
e [_] snf = Emﬂzg 4— The moment of the weight about 4
1z tending to make & decreasze and

2

g bgsin & 20 has a negative sign in the
Dex equation of rotational motion.
Forsmall &, 5in8 =8
Hence
g=-224
S

Comparing with the standard equation for simple
harmonic motion, 8 = —’8 | the motion is

. . . . &
approzimately simply harmonic, with o = 5_3
a

The period of small oscillations s given by

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 25

Question:

A rough uniform rod, of mass s and length 4a, 15 held on a rough horizontal table.
The rod 15 perpendicular to the edge of the table and a length 3a projects horizontally
over the edge, as shown in the figure.

1

a Show that the moment of inertia of the rod about the edge of the table iz %ma

The rod 15 released from rest and rotates about the edge of the table. "When the rod has

turned through an angle &, its angular speed iz 8. Assuming that the rod has not
started to slip,

b showthat & = psind

El

a
¢ findthe angular acceleration ofthe rod,
d findthe normal reaction of the table on the red
The coefficient of friction between the rod and the edge of the table 12 4

e Show that the rod starts to slip when tan 8= %,u : E

Solution:

PhysicsAndMathsTutor.com
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a TTzing the parallel axes theorem, the motment
of inertia, J, ofthe rod about the edge of the

table is given bﬁf"_r’_/—/—’—’/i TTzing the st.anda.rd tormula for th.e

i} =%m(2@)2 +ma’ =§mag . as required

Conservation of energy

Einetic energy gained = Potential energy lost

lfé‘:‘" = mgacnd

2
%mgég = mgasind
& = fgand
T

¢ Differentiate the result of b implicitly

moment of mertia of a rod about 1ts
1 :
cefntre gmfg with / =2z . The

centre of mass of the rod 15 the
distanice @ from the edge of the
table.

-

Az the rod rotates through &, its
centre of mass falls a vertical
distance asind .

, az required

throughout with rESPEV
od § = fgcosd g
a

3gcosd
T

g =

Tzing the chain rule,

dé

E(sina?): E(sin ij EE =rosd 8

(6")=— a) ——299 and

PhysicsAndMathsTutor.com
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d Let the reaction on the rod, normal
to the rod, at the edge of

the table be & The component of the weight 15 1n
E(l48) F=wma / the direction of & increasing and &

O e g e T ] 1z in the direction of & decreasing.

R=mgcos$—m§=mgcos$—m3—gcosﬂ A

Tzing the result of part e,

e
_dmgoosd
7
e Let 7 be the frictional force at the edge of the table
R(|48) F e O The iadigl co.mp;I;ent of the
z t :
F g sin@ = mad? acceleration is 7

: : . fgand
F = mygsin 8 +mad” = mgsin & +ma ge4

- X
_ 13mgend TTzing the result of part b
7
As the rod starts to slip
F =uR
13mgsind  dmgoosd
7 —l 7 singd
/ A 5 =tan &
tan & = E,u, as required 58

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 26

Question:

a =Show, by integration, that the moment of tnertia of a uniform circular disc,
of mass M and radius @, about an axis which passes through its centre

. . . ]
and is perpendicular to itz plane is EMaz :

b Without further integration, deduce the moment of inertia of the disc
1 about an axis perpendicular to its plane and passing through a point on its
crcumference,
i abouta diameter
A uniform disc, of mass M and radius @, 15 suspended from a smooth pivoet on its
circumnference and rests in equilibrium,
¢ Calculate the period of small oscillations when the centre of the disc 15 slightly
dizplaced
1 1inthe plane of the disc,
i perpendicular to the plane of the disc. E

Solution:

PhysicsAndMathsTutor.com
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O e 1_,‘ +— | Youconsider the disc as made up a
M series of concentric rings of
: e thickness &x . The atea of eachring
it - :

\ ¥ X 13 2rxdx.

Let the centre of the disc ke O

The mass per unit area of the disc 13 Eﬂ .
a
The moment of inettia, &7, of aring iz given by
M 20
& = (ﬁmjlx2 = [2???.’(5?: x—] X ="x'8x

:?Tﬂ2 .:12

The moment of inertia of the disc, 7, iz given by

i =ZEI =Zﬁx35x
s

Az dx—= 10
2 47?2 4
= [ - 2T (s
g a” | 4], @ 4

Ma® as required

2

-+ In patt a, you have shown that the moment of
[P STy inertia about the axis f, an axis through the
i i N0 centre perpendicular to the plane of the disc, s

%Mag . You find the moment of inertia about

the axis m2, an axis parallel to J, through a point
ot the circumference of the disc, using the

i e result of part a and the parallel azes theorem

I, =1 +Ms

= lMag + Ma® =EMa2
& 2

PhysicsAndMathsTutor.com
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Y

ol

By the perpendicular axes theorem, the
mement of inertia, 7, , about a diameter

Ox through & 15 given by

T =i .
o Tioy 1&' ‘_r______———f By eymmetry the moment of inertia
B 2 At abgut the amxis O equgls the moment
2 of inertia about the axis Oy
1
IDA’ = Z Mﬂz
€S
\ o 4 Inthis diagram, the smooth pivot 1 5 and
:“’J \ 0 the angle S0 malee s with the downward
b vertical is &
N
\, "
0¥ " 'Ul /':l
IMg " €,

The equation of rotational motion about 5 1z

E¥x leaving the moment of inertia as £, you can
find the equations of angular motion for hoth
parts ¢ 1 and ¢ ii together.

L=i8
—Mgasind = 8

g =- M}gﬂ fnd
For small &, 5:n8 =8
Hernee
Foudiy

Cotnparing with the standard equation
for simple harmonic motion, & = —end

the motion 15 approximately simply harmonic, with

s Mega
i

PhysicsAndMathsTutor.com
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1., = EMag 4— The azis of rotation 15 the same as
2 inpart b i
s _Mga _ Mga _Zg
! gMaz g

Hence the period of small ozcillations iz given by

EEERE

ii By the parallel axes theorem the
moment of inertia, J, about a
tangent to the disc iz given by

_ e 1_ 2
s ZM‘I o _ZM‘I +—— The axis of rotation in this part is a
tangent to the disc which is parallel

W = —= = =— to a diameter and, so, you use the
! = Ma® Sa result of part b ii together with the
_4 o .| parallel axes theorem.
Hence the period of small oscillations is
given by

N

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 27

Question:

A uniform plane circular disc, of mass e and radius @, hangs in equilibrium from a
point 5 on its circumference. The disc 15 free to rotate about a fized smooth horizontal
axis which 15 in the plane of the disc and tangential to the disc at 8. A particle P, of
tnass #, 15 moving horizontally with speed & 1n a direction which is perpendicular to
the plane of the dizc. Attime £ =0, striles the disc at its centre and adheres to the
disc.
a =Show that the angular speed of the disc immediately after it has been struck by F 15
dy

E.
It is given that 2° =ﬁag, and that air resistance 15 negligible.

b Find the angle through which the disc turns before it first comes to instantaneous
rest.
The disc first returns to its initial position at time ¢ =7,
¢ i Write down an equation of metion for the disc,
ii Hence find Tinterms of @, g and #2, using a suitable approximation which
should be qustified. E

Solution:

PhysicsAndMathsTutor.com
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a The moment of inertia of the disc abouta

diameter 13 Hmag.

The moment of inertia, J, of the disc

Thiz formula 15 given the Formulae
Booklet and, if you are not asked to
prove it, it can be quoted.

about a tangent 13 given, using the

parallel axes theorem, by

3_3 1 «— Atangent is parallel to a diameter and

f=zma2+ma = 1

i

the distance between the tangent and
the diameter iz the radius a.

u_ <+————{ This

p the disc edge on. ¢o 15 the angular
speed of the disc and particle
immediately after itnpact,

diagram 15 drawn looking at

The moment of inertia, 7, of the disc and P

about the axis through B is given by

. 9
! =Zma:" +mat =gt

Conservation of angular momentum about 5

¥ =f'w=§m‘a2m

dui ,
= —, as redquired
Sa

PhysicsAndMathsTutor.com
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h B
4 4 \
acosf ‘,:‘”
X ¥ N\ O #+— This diagram iz drawn looking at
v 0 | "x\ the disc edge on. O s the centre of
. 9 the disc,
4
vamg 4
® .
Asut=—ag
2
2= 1‘6;“2 = Lszx iag = 8_5“‘——‘ Tzing the answer to part a.
Bla® 8la® 10 405

Let the disc first come to rest when f =a
Conzervation of energy

lfwz = Zmgla—acosa) 4+—| Fromthe diagram, as the disc
2 swings through &, the centre of the

l Do i Bg I AR disc rises a vertical distance of
2 4 405 a—acosd

i =2(1-cosa) = cos-:x=8—

45 a0

o arccos[%] =85, to the nearest 0.1

¢ i The equation of rotational motion about & is
L =18
—Cmgasind =18

g =- s sind =— 2Haa sin &= —8—gsin5‘
! 9 3 D
—
4
i Forsmall &,5n8 =8
Hence
§=-52g
S

Comparing with the standard equation

for simple harmonic maotion, d=—w'g,
the motion iz approximately simply harmonic, with

ot == The time the dizc takes to moves from
Sa the centre of its motion to its amplitude
Hence and then back to the centre of its

leE_HZH‘\/ 9_0! 23;??‘\/ a motion ig one half of a complete
5 Sg 2 2g period.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 28

Question:

Four uniform rods, each of mass s and length 2z, are joined together at their ends to
form a plane rigid square framework ASCD of side 2a. The framework 15 free to rotate
i1 a vertical plane about a fized stnooth horizontal azxis through 4. The axis 13

perpendicular to the plane of the framework

A0’

a Show that the moment of inertia of the frameworlk about the axis 13

The framewotl iz slightly disturbed from rest when O is vertically abowe 4 Find

b the angular acceleration of the frameworl when AT iz horizontal,

¢ the angular speed of the framewotl when AC iz horizontal,

d the magnitude of the force acting on the framework at 4 when AZ s horizontal.
E

Solution:

PhysicsAndMathsTutor.com



Heinemann Solutionbank: Mechanics 5

i
o Vs 2a
P
™ RN
™ ' |
X
-t !
%
C

Let B be the mid-point of BC

AR* =& +(2a)* =5¢* 4+——— Using Pythagoras' Theorem.

E¥w the parallel azes theorem, the moment

of inertia of the rod BC" about the axis through A 1z given by

L %m2+mﬂﬁ'2

= _a’ +5ma’ = ?mag

The moment of inertia of the frameworlc

about the axis through A 1z given by

f=fu+fm+fm+w
L)

4 2,16 16 5.4 4

Ev symmetry, the moment of
inertia of the rod C0 about the axis
through A will be the same as the
moment of inertia of the rod BC

\ie &

N >
- " Nla
\‘ A v dmg

AC*+BO* = 4B° =(2a)* =44’

240% = 4 = AC* =2a° = A0 = 2a
Equation of angular motion about 4
Bl

dimg ¥ Pasind = ?mzﬂ

g2

10z

sin &

PhysicsAndMathsTutor.com
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When & =% *+— "When A 15 horizontal,

F
d=— sind=1 and cosf=10.
§=3g42 >
10e

¢ Conservation of energy

! I8 =dmgi{2a-d2acesd) <+ Initially the framework has no

2 kinetic energy. As the frameworl
l xﬂmazéz -l fEmgcz(l— cos &) rotates through &, & falls a vertical
2 3 distance ¥ 22— 2acosd .

§2=§§igﬂ—cmﬂj
When 8 = —
5]2 3g er
Sa

d Let the magnitude of the force acting on
the framework at A be X and the
components of this force parallel and perpendicular
to AD be X and Frespectively.
Rl A

X +dmg cosd = dm(\ 2a)8*

When 8 =2 :
2 Tszing the result of part ¢ and
Fid
X+4“q[2max3gn[2=%mg cos—=10.
Sa 3
Rl A

dimgsind— Y = dm(V 2a)d

When & = g ./ TTzing the result of part b and
.
oo gin—=1.
Y =dmg -4 2max = 2
10
2 ]
=4mg——mg=§mg
RP=x"+¥?
[m ]2[8 T 640 5 4
=| —mg | +| —mg | =—
5 ] 25
5 2410
5

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 29

Question:

a Prove, using integration, that the moment of inertia of a uniform circular disc,
of mazs m and radius @, about an axis through itz centre O perpendicular to the

plane of the dizc is lzmczz.

The line AR iz a diameter of the dizc and F iz the mid-point of QA4 The disc iz free to
rotate about a fized smooth herizontal axiz £ The axis lies in the plane of the disc,
passes through F and 1z perpendicular to Q4. A particle of mass s 15 attached to the
dizc at A and a particle of mass 2 15 attached to the disc at &

b Show that the moment of inertia of the loaded disc about L i3 %mg.

Attime f=0,F8 makes a stall angle with the downward vertical through F and the

loaded disc is released from rest. By obtaining an equation of motion for the disc and
using a suitable approzimation,
¢ findthe time when the loaded disc first comes to instantanecus rest. E

Solution:

PhysicsAndMathsTutor.com
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a — .
& e
._/J-f': TR . ,
\———— Touconsider the disc as made up a
() oy [ series of concentric rings of

i ;{31 ! thickness &x . The area of each ring
S A :

e 15 2mxdx.

..\'\ , (}_1 J

The mass per unit area of the disc 12 —

wa
The moment of inertia, &7, of aring 15 given by

2
&l = (5m}x2 =[2ﬂx.§xxi:,] x =%mx35x

o dg

The moment of inertia ofthe disc, £, 15 given by

f:z.ﬁf :Zi’ff.ﬁx
[

bz Sx—= 10
“2m om| 2t 2m( ot
e a* [ 4] & |4
= ma”, as required < This iz a standard result which vou
should ke able to prove, You are
% [ expected to be able to prowve all of
) the standard results given in the
i Formulae Bocoklet and you should
/.f’ e practize writing these out.
/ \
| 1 .'n
| & = L X
| P o G |

The moment of inertia of the disc about L iz given by

27 Teing the standard result for the
Ly — +m[—a] = —ma’ moment of mertia of a disc about a
4 : 2 ; 2 _ _ diameter and the parallel azes
The moment of inertia of the loaded disc, 7, 15 ey
given hy

PhysicsAndMathsTutor.com
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- 1 ¢ 3 : ) AP=1.:: and BP=EG.
= _ma’+m|—a | +2m —a 5 5
2 2 2]
= lmaz +lm2 +Ema2 =—ma2, as required
2 4 2 4

¢ Let (& be the centre of mass of the loaded plate.
ML)

1 3 1
4meG=mx§a +2mx§a—mx§a +— Youtake moments about L to
locate the position of . As 4 12 on

4P T = 3ma the other side of £ from & and &,
PG = 3 the moment of the particle of mass
— x a2 has a negative sign in this
P equation.
5
: U \ s
\{‘ * The total weight, deg, of the
X loaded plate acts at (.
\\.
g A
v e g

The equation of rotational motion about 2 1s

L =i8

—4mgx§cxsin5‘ = Emagé

g = —4—gsin5'
Ta
For small &,51n8 =8
Hence
g=-224
Ta

Cotmparing with the standard equation
for simple harmonic motion, & = —ep 8
the motion is approximately simply harmonic, with

4
e

T
The time, after release, for the loaded disc to +=——— This time iz the time for one half of
first come to instantaneous rest 15 given by a complete oscillation.

g2 (%)

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 30

Question:

A uniform lamina of mass #2 13 in the shape of an equilateral triangle ASC of
perpendicular height & The lamina is free to rotate 1n a vertical plane about a fized
smooth horizental axis D threugh A and perpendicular to the plane of the lamina,

: : o : .4
a Show, by integration, that the moment of inertia of the lamina about £ is = m® .
The centre of mass of the lamina 15 . The lamina 1z in equilibrium, with & below A,

P &
when it is given an angular speed 5—5]

b Find the angle between AT and the downward vertical, when the lamina first comes
to rest.
¢ Find the greatest magnitude of the angular acceleration during the motion, K

Solution:
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a B
ox '
..-",.' |
— gl
o |
3}}: Y < 1 You consider the triangle as made
A === =¥ up of thin rods of length 2y,
G thickness &x and maszz Sm. A rod
|
ez is a distance x from 4.
~
C
— h —>
Ev trigonometry
1
— BT
2 =tan30F 4+—| To find an expreszsion for the mass
per unit area of the triangle, you
B = Ohtan 307 = ih hawe to first obtain an expression
{3 for the area of the triangle in terms
The area of the triangle is givenby | of &

1 1 1

—BUxh=——hwh=—k

2 3 3

The mass per unit area of the triangle iz
mo N 3m

1. B

—k

Y3

Page2 of 3

The moment of inertia, &7, of one elementary rod WalUse the standard Farimula forthe
about L is given by / moment of inettia of arod about its

5= %(am) ¥+ (Smxt

centre and the parallel axes theorem to
find the moment of inertia of a rod

1. 2] about axis L through 4.
= {dm)| =¥y +x
{ }[3y
""—'—-—-\___
AN The mass, dme, of an elementary
= [2}’5-’”&—;}[5.}’2 +I2] rod iz its area, 2ydx, multiplied by
; the mass per unit area.
By trigonometry
¥ g 1 1
Ceotan A = — == —x
x 37T 3
Hence
1 daa( 101 Y,
Sl = 2—zxdxw— || =| — x| +x
[ +3 i J[ [43 ] 1
= zﬂ;xﬁxx lx2+x:4 =20Tx35x
k 9 Sk
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I = Zﬁf :z S
o

Az the rods range from A to BC, x
Az dx—=> 10 ;
e . ’ ranges from Oto k, so 0 and 4 are
F 20m L. 20 X the limits of integration.
ak® J, ap® | 4
4
= 20_?:3 x}i = Emizz, as required
Qi 4 8
h 1
N i
2 h cose H e &
G T
¥
X *_' Tsing the standard result that the
AF= 2;3 / centre of mass of a triangle 1z %
3
Conservation of energy along the median from the vertex

1 2 2
it = —h——h g
> e mg[3 = Cos ] —

When the lamina comes to rest, all
]

, bg of the original kinetic energy has
Emﬂg Xﬁ = o mgh(l-cos ) keen converted to potential energy

(1—6055}:>|:035=l:>5=£
2 3

L | —
(WS I S RV [ )

The angle between AF and the downward

: : .
vertical when the lamina first comes to rest i3 E

¢ Equation of angular motion about A 13
L=1d

—mg Eafzsin-:EI' = Em;‘zzﬂ
3 9

= - _
g =- gsm & 44— The greatest magnitude of the
When angular acceleration cotresponds to
the greatest possible value of sind.
= In part b, you established that this
3 Fid
15 when 8§ =—.
|8|= 6_gx E = ﬂﬁ 3
Sk 2 Sk

The greatest magnitude of the angular acceleration during the motion 13

© Pearson Education Ltd 2C
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Solutionbank M5
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Review Exercise 2
Exercise A, Question 31

Question:

To the end B of athin uniform rod A8, of length 32 and mass #, 15 attached a thin
uniform circular disc, of radius @ and mass s, so that the rod and the diameter 80 of
the disc are 1n a straight line and AC =54 .

a =how that the moment of inertia of this composite body, about an axis through 4

and perpendicular to A8 and in the plane of the disc, iz ?mag.

The body 15 held at rest with the end A smoothly hinged to a fizxed pivot and with the

plane of the disc horizontal The body 15 released and has angular speed oo when AC 1z

vertical
b Find o mnterms of @ and g

: : ; ; : ; 1
When AC iz wertical, the centre of the dize strikes a stationary particle of mass —wm.
Criven that the particle adheres to the centre of the disc,

_ _ _ o B
¢ show that the angular speed of the body immediately after impact1s —ep.

Solution:

PhysicsAndMathsTutor.com
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adl
v |f
i
I !
2u : |
v
c

The moment of inettia of the rod about the azis through 4 1z given by

4 [3@;]2 a -
i =] = =3y

3 2
Ev the parallel azes theorem, the moment of
inertia of the disc about the axis through 4 15

given by

TTzing the standard rezult, 7= %miz ;

for arod of length 24 about an axis
through its end, with 2/ = 3a .

65 4

e = %mcxg +m(4a)2 — ?ma ,'

The moment of inertia of the composite body
1z given by

Tou can quote the result for the
moment of mertia of a disc about its
diameter and the centre of the disc
15 da from A

D=t
65 T .
=Zma’ +—ma = ?mj, as required
h 4 da > .
Y ¢ (
A - i :
| |
v myg Ymg
|
L@
v a

Conservation of energy

— Jewt =mgx§a+mgx4a

2
M g 0
—= = — ey
3 o 8
a_llmga 8 _dg
2 TTma’  Ta

PhysicsAndMathsTutor.com

If Af 15 the centre of mass ofthe rod
and <) 1z the centre of the mass of

the disc, then AM =§a and
A =4a.

Az the composite body moves from
the horizontal to the wertical, the
centre of mass, M, of the rod falls a

: : 3
vertical distance —a and the centre

of mass of the disc, O, fallz a

vertical distance da.

Page2 of 3
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L i . 1
¢ The moment of inertia, 7, of the composite body and the particle of mass —m

about the axis through 4 15 given by
i 109

I'="lma +lm(4a}:" ="
4 2

4

Let eo be the angular speed of the body immediately after impact.
Conservation of linear momentum about A

Few =i

0 = ——rp, as required
109

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 32

Question:

a Prove, by integration, that the moment of inertia of a uniform rod, of mass m

and length e, about an axis through its mid-point and perpendicular to the rod 15

2
A

12

Four uniferm rods A8, BC, CD and 24, each of length @, are rigidly joined to form a
square A8CD Each of the rods A8, O and 214 has mass #¢ and the rod BC hag mass
3. The rods are free to rotate about a smooth horizontal axis L which passes through
A and 1z perpendicular to the plane of the square.
b Show that the moment of inertia of the system about L is 6ma® and find

the distance of the centre of mass of the system from A
The system iz releazed from rest with A8 horizontal and O vertically below 5.

¢ Find the greatest value of the angular speed of the systetmn in the subsequent motion,
d Find the period of small oscillations of the systetn about the position of stable
equilibrium. E

Solution:

PhysicsAndMathsTutor.com
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d
a < =  —l— L3 . —

o
I :
- W

- - — -

p]

0+ X —>ox

You consider the rod to be made up
of a series of small pieces, or
elements, each of length &x.

The mass per unit length of the rod iz 7 a—

a
Consider an element of length dx ata
distance x from the middle ofthe rod (&

51 = (Sm) =[E5x] IR

a a
For the whole rod

f=Z§f=zmx725x gt |

As Sx—= 10

a
2
m|a® a ma ;
=_—| ——| -—=— | |==——, as required
a| 24 24 12

Let & te the mid-point of BC

2
AE2=cz2+[la] =Eaz
2 4

When proving results you usually
need to know the “density’ of the
ohiect, here the mass per unit

length.

The whole rod 15 the sum of the
small pieces.

Page2 of 4

Az the small pieces range from one end

of the rod to the other, x ranges from —

Lo &

& &
at one end to 5 at the other. So —5 and

% are the limits of the definite integral

E¥ the parallel azes theorem, the moment of inertia of the rod 52 about the axis

through 4 1z given by
L= %(3;?3)42 +{Zm AR?
1

= +?s*?:ec:c2 = dwma’

4

PhysicsAndMathsTutor.com

The mass of BC 1z 3.
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similarly for the rod C°D

The moments of inertia of the rods A8 and 4D
about the axis through 4 are given by

Az the mass of &0 15 one third of
the masz of BT, thiz could just be
written down.

TTzing the parallel axes theorem.

The moment of inertia of the framework about the axis through A 15 given by

Fr=al et il gty el gy
= —ma’ +dma’ +%m2 +—ma’

2 i
= fea”, as required

(m)
A, ® B

={

o)

ro™) 'Y

G

()

i ® o
8. a C
MiE)
bmx B = mx%+3mxa +mx£=4ma -
BEG = Ea
3
AP = A+ BP = L2 2 =B
4 g 36
AF = Ea
&

If & iz the mid-point of AD and F iz
the tmid-point of BC, then, by
syminetry, the centre of mass of the
framework & lies on BF. The
location of (7 15 found by taking
moments about £,

Page3 of 4

The weight of each rod acts at the
mid-point of the rod.

The distance of the centre of mass of the system from A is Ea.

PhysicsAndMathsTutor.com
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¢ Let o be the mazimum angular speed of the system.

Conservation of energy

%fm2=6mg[ga—la] LEage—

2

It = Zmga

)
3 3

' 4
ting l."JL_ i

The equation of angular motion about 4 1z

Li=ijg
5 . 2
—tmg ga sin &8 = a8

_ 5
g “B s
L

Forsmall &,51n8 =8

Hence

G-_22¢
(3T

The mazimum angular speed
accurs when 7 is vertically below

A Atthat point &1z ga below A
Initially F iz %a below A S0 &

falls Ea—la=—a.

3

Comparing with the standard equation for simple harmonic motion, & = —w*8 |, the

motion is approzimately simply harmonic, with o’ =

The period of small oecillations s given by
2 T
D ﬂ' —L
‘) og

© Pearson Education Ltd 2C

PhysicsAndMathsTutor.com

B
ba

Paged of 4



Heinemann Solutionbank: Mechanics 5 Pagel of 3

Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 33

Question:

A compound pendulum consists of a thin uniform rod A8, of length 2 and mass 2,
with a particle of mass 2m attached at B The pendulum iz free to rotate in a vertical

plane about a horizontal axis f which iz perpendicular to the rod through a point & of
the rod, where AT =x,x<a .

a Show that the moment of inertia of the pendulum about 12
(5x* = 1dax+122* .

b Find the square of the period of small ozcillations of the pendulum about
¢ Show that, as x waries, the period takes its minitmum value when

L (-~1Da
)

Solution:

PhysicsAndMathsTutor.com
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s

-

|
-
St
—_—
Lad
e
e |
s’
=

{-" e s

® 3(2m)

Let & be the centre of the rod.
Tzing the parallel axes theorem, the moment of inertia of the rod about f 1z given by

i =%(3m)az+3m06’2 — Qo= x

= ma® +3mia - x°
The moment of inettia of the compound pendulum about f s given by
I =l +i,

partck

* BO=2a—-x

= ma’ +3mla— 2% +2m(2a—x)*

= ma® + Ima’ — Gmax + St + St — Smax + s

= Semex” — 1dmax +12ma’

= (52:2 - 14czx+]2cz2)m, as recuured

b Let &7 be the centre of mass of the compound pendulum and CF=7%.

M(C)

5w = 3mla — x) + 2ml2a — x) +— Toulocate the posttion of Ghy
= Tma — Smx taking the moments of mass about
= & C.
XI=—a-x
i
x.\\t_,
™
B
G\
\n.
x"‘\f’-
"
smeg &/
! amg =

The equation of angular motion about A 1z

i)
—Smgxeind =18
- Smg[%a—x]
g =-2% ing=- sin &

[5x2 —14ax+124° ;IP?E

PhysicsAndMathsTutor.com
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For small 8. 51nf =8
Hence
_ (la-5x)g
5x° —1dax +12a°

Comparing with the standard equation for simple harmonic motion, § = —w°8 | the
(Ja—-ox1g
5x° —1dax +124°

motion is approximately simply harmonic, with o =

The period of small oscillations, T, is given by

2
8 i 2]
_4n? [ 5x° —14ax +12a°
g Ta—5x

c 7

_ 4t (522 = 1dax +124°
g T —5x
A7 dg® |:(?c;t —5x(10x—14a) +5(5x2 - 14ax+12a2)

op il §
dx g C?a—ﬁx)

+— TDifferentiate this equation
throughout with respect to x,
using implicit differentiation
:| on the left hand side and the
quatient rule on the right hand
side,

At a mummum value d— =0
dx

Hence
lf?a—ﬁx)(l[]x—14a]l+5(5x:"—14ax+12c12) 24
T0ax — 58a* — 5022 +70ax +25x2 —T0ax +60a* = 0 Uelng the guaaubitoniia
—25x% +70ax— 384 = 0 b’ das)
5% —T0ax+382% =0 2a
F?oﬂnooa _ ?J_rwma

50 5
x= 7411 a~2.06a is impossible 4 This walue is longer than the length
of the rod, 2a, and can be rejected
The period talees its minitmum value when
(7-+11)a _
= 5 as required 4+— TTnless the gquestion specifically

asks you do to so, you are not
expected to show that the stationary
point 15 a minimum. & sketch of

_Sxt—l1dax+12a*

18
Ta-5x
Y4 |

© Pearson Education Ltd 2C
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 34

Question:

a Show, using integration, that the moment of inertia of a uniform
equilateral triangular lamina, of side 2, and of mass #2, about an axis through a

. . R T
vertex perpendicular to its plane iz gma :

b Deduce that the moment of inertia of a uniform regular hexagonal lamina, of side
2 and mass M, about an axis through a vertex perpendicular to the plane of the

lamina is EMag.
A compound pendulum consists of a uniferm regular hexagonal lamina ABCDER of
side 2z and maszs M, with a particle of mass %M attached at the vertex ) The

pendulum oscillates about a smooth horizontal azis which passes through the vertex A
and 13 perpendicular to the plane of the lamina.

¢ Show that the period of small oscillations iz & ﬁ} E

3z

Solution:

PhysicsAndMathsTutor.com
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a . g
ox o
o [ 4
— X —
~ | a
1 130 | -
. D
H"\..__ |
=i
2a |
~
d
C

Tou consider the triangle as made
up of thin rods of length 2y,
thickness &x and mass dm . The
rod 15 a distance x fom A

Let the triangle be ABC and D the mid-point of BT az shown in the diagram above.

By Pythagoras' theotrem
AD? = AB* - BD? =da’ —a® = 34°

AD =34
The area of the triangle 1z given by
%chﬂﬂzaxﬁazﬁaﬁ “«

The mass per unit area of the triangle i3

o
o 3

To find an exprezsion for the mass per
unit area of the triangle, you have to
first obtain an expression for the area of
the triangle in terms of a.

The moment of inertia, &7, of one elementary
rod about the axis 12 given by

51 = %(5»;) v+ (S’

Tou use the standard formula for
the moment of inertia of arod about
itz centre and the parallel axes
theorem to find the moment of
mertia of a rod about the axis
through the vertex 4

The mass, drme, of an elementary
rod 18 itz area, 2ydx, multiplied by

the tnass per unit area

= am) 37+
:[2y5xx%][%y2+xz] \
By trigonometry
.1 1
£= an =0 =E:>y=ﬁx
Hence

51=[2ix5xxiJ l[ix]z +x°
{3 {3g* )| 33
2

PhysicsAndMathsTutor.com
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As dx— 10
43a 4 A3a ey
e 200k B 202 | x 4+——| The upper limit corresponds to the
27a* ), 27a* | 4 |, distance AD which 15 V3«
20m  9a* . ;
=——x——=—ma ,as requred
2la 4 3
b B _K :
;'A" +— Youconsider the hexagon to be
7 A f % made up of & triangles. Each of the
/ ) \ y \ six triangles has the moment of
o \NO/ \ inertia found in part a about the
i€ Fas D centre of the hezagon O,
™, 2a A r
\ / /
x\.‘ _.f-'2 \-\- ‘_-'f
F E

The hexagon iz made up of 6 triangles of mass s, where M =G,
The mement of inertia ofthe hexagen about an axis through 0,7, iz given by

fa=6x§m2=EMaz | Az M=bm

By the parallel axes theorem, the moment of inertia of the hexagon about an axis
through A7, 15 given by

1, =1+ Mx O

= gMaz + M xda® = gMag, as required

PhysicsAndMathsTutor.com
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The moment of inertia of the compound pendulum, 7, about the axis through A 1=

given by
T R s
17 41

= Ma® +1M(4ajg = =i
3 2 3

The equation of angular motion about 4 is
L=1d

—ngEasinH—%ngdlasinH = %Mazg
: 41 .-
AMzgazsnnd = ?Ma fod

o 12g

=——"znd
la
Forsmall &, 5in8 =8
Hence
. 12
R b
41
Clomparing with the standard equation for simple harmonic motion, § = —w°8 | the
4 8 ; . : : 12
motion is approxzimately simply harmonic, with «® = f
a

The peried of small oscillations 15 given by
T=E= 2:ro\/ ﬁ = H\/ @ . as required
o 12g 3g

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 35

Question:

a Show, by integration, that the moment of inertia of a uniform circular disc,
of mass s and radius @, about an axis through the centre and perpendicular

to the plane of the disc iz lzmaz.

b Deduce the moment of inertia of the disc about a diatneter.
¢ Show that the moment of inertia of a uniform right circular cone, of height », base
radius » and mass M about an axis through itz vertex and parallel to a diameter of

the base 13 ;Mrz.

The abowve cone is free to turn about a fixed smooth pivoet at its vertex and is released
from rest with its axis horizontal.
d Find the angular speed of the cone when ite axiz ie vertical, E

Solution:

PhysicsAndMathsTutor.com
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/ p— 4— Touconsider the disc as made up a
y “\ ! series of concentric rings of
' [ ¢ thickness &x. The area of eachring
[ .”-"'_I-iﬂ 3
\ / i | 18 2axdx.

v o
Y o=
/ 9 ox J
Fa //,-/
¥ e

The mass per unit area of the disc s —

a

The moment of inertia, &7, of aring 15 given by

2
o

2
&l = (ém}xg =[2nx5xx£} o TJ:EEX

ot

The moment of inettia of the disc, 7, i given by

T Zﬁf Zz’” 2Ex

bAs Sx—0
% 4
[ ] 5l
0 4
——ma ,as required o

Thiz 15 a standard result which you
should be able to prove. You are
expected to be able to prove all of
the standard results given in the
Formulae Bocklet and you should
practise writing these out

Let the centre of the disc be @ and Ox and Oy be perpendicular axes through O
By the perpendicular axes theoremm, the moment of inertia, 7., about a diameter Ox

through & 1z given by

Tont oy = 1o
1
2in =Ema:"
1
o = Zmag

PhysicsAndMathsTutor.com
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4— By symmetry the moment of inertia

aboutthe axis Ox equals the moment of
inertia about the azis Oy
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¢ Axis of rotation

ox AT & ]
| = Hil
*u""' (11
Ax |
rain| il
'_/" [+l ¥ l
|
........ i|.J.‘! conmndat | ¥
[l:] :|
\\\. [1: ] ¥
4, |
ki |
N
PR W— ~ .\
- r -

The mass per unit volume of the cone is

A M

i +— Taing the formula for the volume

3
—ariwy T
3

The moment of inertia of an elementary disc
about the axis of rotation 15 given by

5i= %(am) (e’

By similar triangles

r
Ez_jyzx
X '

Hence

51*:%[@25@[%] P (my 5.7::1[ ] 4

=EJ’_4
P4

2 o= 2 2ot o

15M

For the complete cone
15M s

g Zaf shes
L dx—= 0
15M

15M
5
15M1 r

3
= ?[? - UJ = ZMrQ, as recuired
z

PhysicsAndMathsTutor.com

Tou consider the cone to be made
up of thin discs, each of thickness
& x with the centre of the disc at a
distance x from the vertex of the
cone. Ifthe rading of the disc 15y,
then, using the formula, = mrd,
for the wolume of a cylinder, the
volume of a thin disc 13 my*Sx.

+— You usze the answer to part b with

=43x5x \ -
(i

of a cone, V=lm"2}'z, with A=r.

mr=dam and @ =y, and the parallel

axes theotrem to form an expression
for the moment of inertia, &7, of
the thin disc.

The mass, S, of the disc is 1ts
volume, my*&x, multiplied by the

: )
mass per unit volume —.

Az y=1x,

Page3 of 4
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G

v @ -

Let the vertex of the cone be 4 and the centre of mass of the cone be &, then
3

AF="r. 4—| The standard result for the centre of

4 tasz of a cone can be found among
the formulae for medule M3 1n the
Formulae Boolclet

Let the angular speed of the cone when its
axis is vertical be .

Conservation of energy

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 36

Question:

a Find the moment of inertia of a uniform square lamina A0, of side 22 and

mass #2, about an axis through A perpendicular to the plane of the lamina.
The lamina is free to rotate about a fizxed smooth horizontal axis through A
perpendicular to the plane of the lamina.

b Show that the period of small oscillations about the stable equilibrium position is
1

The lamina 15 rotating with angular speed o when O 15 vertically below A
¢ Determine the components, along and perpendicular to AT, of the reaction of the
lamina on the axis when AC makes an angle & with the downward vertical through

A E

Solution:

PhysicsAndMathsTutor.com
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Let & be the centre of the lamina
By Pythagoras
AD* + BO? = (2a0°

ZAC =da’ = A0 =22 = A0 =+ 2a

-

Ly AO0=B0.

Let 4 be the amiz through O perpendicular to the plane of the lamina and I, be the
axis through 4 perpendicular to the plane of the lamina,
The moment of inertia of the lamina about [ is given by

1 2
fﬁ=§m(az+a2)=§mz. .«

By the parallel axis theorem, the motment of
inertia of the lamina about L iz given by

- y
f% = fﬁ +m Al

= Za® o 20 = §mcz2
3 3

9\ 2a

"
| €2

mge
.y

Equation of angular metion about [

L=1I8

82 -
—mgxlasingd = gmgﬂ

§-=—3‘gw[25in5' i
Ba
Forsmall &, stnf =&
Hence
§=_35425

B

PhysicsAndMathsTutor.com

The Formulae Boollet gives you
that the moment of inertia of a
rectangle, mass #, sides 2a and 24,
about a perpendicular axis through

. 1
its centre 15 gm a” +E:'2) and, fora

souare, ¢ =#&.

Touwill need this equation to find
the component of the reaction
perpendicular to AC in part c.

Page2 of 4
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Clomparing with the standard equation for simple harmonic motion, & = —p°8 , the

G ; ; ; ; g2
motion is approxzimately simply harmonic, with e = ‘z ;
c
The peried of small oscillations 18 given by
2 Ba 2 ;
=—=2x| ——| ,asrequired
b 3g2
¥
c
“'\ E
. X
'r :r/‘\
8\ J2a
{2 cos @ hY
O
kA
me
%
W A &

\ ¢

Let XY and Fhe the components, perpendicular to and along AT, of the reaction of
the lamina on the axis,
Conzervation of energy

%fwz —%f&jg =mg(¥ 2a— 2acosd)

%mz(m2—§2)=mgwl 2a(l-cosd)
ot —&° =3g—42(1—c055}
§2=m2—3g:2(1—c055) &
R(]AC)
If’—mgc:055=???(“1[2a)5-"2 Tsing equation 2.
r =mgcosé‘+m42a[w2—Bgzz(l—cosé}}J

=mgcos§+mﬁf24mg—6¥(l—cosﬂj

o further simplification of this
_3mg / eEpression 15 possible.

= ma N2’ +j% cosd

Rl ACh
X —mgsin 8 = mi{2a)8

/ Using equation I in part h.

3g2 3
: sind=——mgsin &
B 4

= —m( 2a)

1 3
A =—mgan g
7 Z

© Pearson Education Ltd 2C
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 37

Question:

A uniform lamina of mass M is in the form of an isosceles triangle ASC, with

AB= AT =50 and BC =&

a Show, by integration, that the moment of inertia of the lamina about an axis which
passes through A and is parallel to BC' is 8M7°.

h Find also the moment of inertia of the lamina about an axis that passes through A
and the mid-point of BC.

A particle of mass M 15 attached to the lamina at the mid-point of 2C. The system is

free to rotate about a smooth horizontal azis through A perpendicular to the plane of

the triangle.

¢ Find the period of small oscillations about the position of equilibrium in which BC
1z below 4 E

Solution:

PhysicsAndMathsTutor.com
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- | 3/ 4—— Tou consider the triangle as made
T % up of thin rods of length 2y,
| " ) - thickness &x and mass . Each
I = D rod is a distance x from A
| o i |
‘ 50 |
" iy
Py
Axis of Rotation C
In part a.
Let the mid-point of B0 be 11
By Pythagoras
ADP = AB* —BER =3P =3 =161* = AD=4i

The area of MBC=%BC><AD=3EX4E= 12%

The mass per unit area of the triangle 15 T

oF

The moment of inertia, &7, of one elementary rod about the axis is given by
51 = (gm)% +— All points on the rod are a distance

o [Eyéxx M’2 ]xg % szgyéx x from the axis of rotation.

124 &4 \
By similar triangles The mass, &2, of an elementary
¥ =E y=ix rod 18 its area, 2ydx, multiplied by
x M 4 the tnass per unit area
Hence
Al = ngz xEx5x=£2x35x
&) 4 &
= Z.s:?f = zﬁg P6x
2
bz Sx—= 0
i

i M sz dx=£ i +— The upper limit corresponds to the

gt ), 8t | 4 distance A0 which is 47

4
= sz 2908 = 8MI*, as required
8 4

PhysicsAndMathsTutor.com
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h The moment of inertia, &7, of one elementary rod about A2 iz given by

=—(5
I: my’ TTsing the standard result for the
1 A a_ M moment of inertia of a rod about an
= g[Eyéx 2P J 1&,2 e O% axis through its centre.

M2 S Ertd
ik Sx= s
18+ &4 ]283

1= sl= Z 6
128

“Ex

Ls Sx—= 10
A el B
1287 J, 1287 | 4 |,
4
_3M 2561 3

PhysicsAndMathsTutor.com
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13
C A ; '.!\ .
AT —
LA 4l
f’) \__.. \‘ \
1 o \.\ ",
G g
Mg | l D
Mg o

TTzing the standard result that the
. .
centre of mass of a triangle iz 3

along the median from the wertex, if
{1z the centre of mass of the

triangle then AG = %xélf = gf .

6 /

The moment of inertia, J, of the triangle about a smeoth horizontal axis through A
perpendicular to the plane of the triangle 15 given by

19472

2

The moment of inertia, 7, of the triangle and
particle about the axis 12 given by

e gﬂﬂg +Mant = %MP

I=8MF +§MI2 =

Equation of angular motion about the axis

4 The axis of rotation in patt ¢ is

perpendicular to both the axes in
part a and part b S0 you find the
moment of inertia required for part
¢ using the perpendicular axes
theorem.

through A perpendicular to the plane of the triangle

L=i8

Mg x %I sind —Mgxdiand = %MEEE

—%Mgﬁ sind = %MFE

= —40—‘2 sin &
153
Forsmall &, 51n8 =8
Hence
__40g g
1531

4+— Youcantake the moments of the

weights for the triangle and particle
aboutthe axis separately,

Comparing with the standard equation for simple harmonic motion, 8 = —w’8 | the

40z

motion iz approximately simply harmonic, with o = —=

The period of small oscillations is given by
T=2£=2’T'\j 153 =}?»\/ 153
3 40z 10g

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 38

Question:

A body consists of 2 uniform discs, each of mass s and radius @, the centres of which
are fized to the ends A and & of a uniform rod of mass #2 and length 5e. The discs and
the rod are coplanar. The body is free to rotate about a fized smooth horizontal axis
which iz perpendicular to the plane of the dicz and which passes through O on the rod
where OAd="2a.

]

L T I
a Show that the moment of inertia of the body about this axis 18 —ma

The body 15 initially at rest with B vertically below O A particle of mass G 13

moving horizontally in the plane of the disc with speed w. It strikes the rod at a point &

below O where OF = x, and adheres to the rod.

b Find, in terms of @, x and e, the angular speed with which the system starts to mowve
immediately after itmpact.

. . . 7
¢ Show that this angular speed 15 a mazimum when x = —az

d Given that x= %a . find the walue of & for which the rod just reaches the horizontal

position in the subsequent motion K

Solution:

PhysicsAndMathsTutor.com
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Let the mid-point of A5 be AL
Ev the parallel axes theorem, the moment of inertia, ;. about 01z givenby

2 2 _
L= lm[ﬁ_ﬂ] oM = Emag +M[EJ +— Usmlg the standard result,
> 2 12 2 I=§m£2,for arod of length 27

1
- Em about an axis through itz centre,
By the parallel axzes theorem, the motnent of inertia, with &/ =3a.

£, of the disc centre 4 abouwt & iz given by

£ ma’ +mACE = %mag +m(2a)?

]
PR

o] v o | —

By the parallel axes theorem, the moment of inertia, 75, ofthe disc centre & about &

iz given by

fB=%ma2+mBOQ=%maz+m(3ﬂ)2 ] BO=5G—Oﬂ=5a—2a=3ﬂ

2
The moment of inertia, , of the body about O iz given by
I=ia+ti,+i;
= ?mag +Emc;;2 +Ema:2 = i;maz, as recuured

2 D 2

b The moment inertia, 7, of the body together with the particle about O is given by
: 5 45 1
I =l+bmm” =—pma™ +0mx

Let the angular speed with which the systetmn starts to move be oo,
Conservation of inear momentutn about &

Gy = flw=[4—;ma2 +6mx2]w

& _ 1Bux
49a* +18x°

H =

4—5??3&2 + G

PhysicsAndMathsTutor.com
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(49" —18x")

dew 49a% +18x% — x % 362 18

': —_— o= = o}
dx (494* +182") (492 +18:")
den

0= 49 —18x* =10

x:"= Eag =49X2@2
18 36

x= ga {2, as required

TTnless you are asked specifically to do
g0, ¥ou are not expected to show that
the staticnary point is a maximum. If
you were asked to do 20, you could
argue that as 182" ranges from less
den

than 4%z* to more than 49a°

Page3 of 3

4
d If x= _ 18“?’ _ 24ua  Zu | changes sign from posttive to negative
AT T 4 T a1zt o7 | and, so, the point is a mazimum.
454 +18[—a]
2
2
and J = ﬁmag +6m[ia]
3 3
= Emz +Emaz =27’
3 3
Conservation of energy
1
2 ) p—
Efm =S o By 4—| To reach the horizontal, the centre
1 2 1 4 1 of maszs M ofthe body must rize a
—x2Tma’| — | = 3mg| —a |+6mg| —a |=—
- [2 ] mg[ 2a] mg[Ba] PEE distance %cx and the particle must
B2 g 4
Em = Emga rige a distance x=—a.
2=gga=9)ﬁ? " 0 M P
fd & La
1, M
s 2 TE N
B Y p-
m/.d

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 2
Exercise A, Question 39

Question:

a [Jse integration to show that the moment of inertia of a uniform rod of mass
and length J, about an axis through one end and inclined at an angle & to the rod 15

lm.-:’2 sin’ 8.

A B

.,
o

200 /154
pt __,' .}/"
0
The figure shows a rigid body consisting of two uniform rods. Bod AD has mazs »
and length 20a and the rod B0 has mass #2 and length 154 They are rigidly joined
together at & so that angle ACF is a right angle. The body is free to rotate about a

fized horizontal axiz A8 and hangs in equilibrium with O below A8 A particle of
tnass %m i1z moving horizontally at right angles to the plane QA8 with speed e Tt

collides with, and adheres to, the body at O

b Show that the moment of inertia of the composite body, consisting of the two rods
and the particle, about A8 is 14dma® .

¢ Find the range of values of i for which the composite body will make complete
revolutions.

Given that the composite body does make complete revolutions,

d find the value ofu for which the greatest angular speed during the subsequent
tnotion 15 twice the smallest angular speed. E

Solution:

PhysicsAndMathsTutor.com
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dx

: .
The mass per unit area is —.

Conzider an element of length dx at a distance x from one end of the rod &

SI=(Sm)xsin &) = [E 5;;};3 sin® @ +— Each elementary particle, of mass
! dm, 18 at a distance xsind from

man®d 4 the axzis of rotation
= xdx

For the whole rod

513
! =Z§f szm; 8 isx

As dx—= 1)

- I #2250 5 :msm ‘g i
3 b

‘g
msm |: i|= wid” sin 5‘ as recuired

b A 254 B
~.lg : '
w.xh Lp 4 G’/’
RI‘* “ ,f 15a
20a ~_ L
i 1.!3:)
0 -

2 = (20a) +(15a)° = (254)° = AR =25q

sind :E:E,Singj:%:i - Part a gives you the clue that vou
25a 5 25a 5 need to start by finding the sines of
% Y R the angles the rode make with A8
o

The moment of inettia of the composite body 12 given by
= M+fmd03+f

< bmnnfastond m(lﬁa) sin gﬁ+[3 ]pz

= 48ma” + 48ma* +48ma” = 144ma’ | as required

PhysicsAndMathsTutor.com
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¢ Let o be the angular speed of the composite body immediately after itnp act

Conservation of angular momentutn about A8

%m ¥12a=1rw
dimua = 144ma’ e
_ Amma w
14dma®  36a

TTzing energy, for complete revolutions
1 2
Efwg = 2mgﬁ+§mgp

2

Toma‘w® = %mgp

2
Toma®| 2| = gmg x12a
36a 3

2.2
PR

1842
u? = 576ga
w = 24 (ga)

= 3lmga

For complete revolutions, there
st be enough initial kinetic
energy to raise each of the centres
of mass of the rods a vertical

distance of 2 x%p ated the patticle

a distance of 2xp
()

d The greatest angular speed iz immediately after the impact and, from patt ¢, 1=

i
3fa

The least angular speed is when O is vertically above A8 and iz l =

Conservation of energy

36a  TZa

2 2
2 |\ 36a 2 N Za

The increase in potential energy
needed for complete revolutions iz
the same as in part €.

2 2
. .
T’ [W— WJ = 3lmea
1

— s = 32mgn

24

ul = 24x32ga =256 %3ga

u =164 (3ga)

© Pearson Education Ltd 2C
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Review Exercise 2
Exercise A, Question 40

Question:

A uniform right angled triangular latmina ASA of mass w2 15 such that £ AME =207,
AM =3a and BM =a,
a Find the moment of inertia of the lamina about
1 BN,
i anaxis threugh A parallel to 244,
i Ad
b Deduce that the moment of inertia of a uniform triangular lamina ASC of mass 2
such that A8 = AT BC' =2a and AM =32, where M iz the mid-point of SO,

; : .28
about an axis through 4 perpendicular to the plane of the lamina is —— ma® .

. S i
LT B |

B 0
The figure shows a uniform plane lamina of mass & formed by joining atriangular
lamina A5 to a rectangular lamina BDFT along a commeon line BC. The sidez 50
and C'F are each of length 32 The side D 1z of length 2. A8 = AT and AM =3a,
where M 15 the mid-point of 80 The lamina can rotate about a smooth fized axis
through A, perpendicular to the plane of the lamina

4

) ) ) . L2584
¢ Show that the moment of inertia of the lamina about this axis 53 — ma

d Determine the period of small oscillations of the lamina about its position of stable
equilibrium. E

Solution:

PhysicsAndMathsTutor.com
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Al i M

Area of triangle AME = ]EBa ¥ = gag

; ; 2

Llass per unit area1s ——= ki
3 4 %t
—a
2

By similar triangles

¥ _oa

x Za 3
1 About BM

SI=(Sm)Za—x"= [yr_‘?xx %’j] (a—11° o

2

Hence
LS g
fzzij SEE - =
92 g a® Ja
22 4 P
:2;??2 i —oart+
Sa 2 4 |
3 4 4
:2;??2 2 1a _54a4+8]a 22_??;)( 2la
Qa 2 By 4
2

i About an axis through A parallel to BAF

Ef=(5m)xg=[y5xx%ng =

zzﬁfgx

Y

PhysicsAndMathsTutor.com

= x(3a—x8x \
Jes

Page2 of 5

Each point on the thin strip 15 a
distance (32 —2) from BAL

’ 1
TTzin TG
gy 3

F [Qajx— bax +x3}:1x

Thiz axis 15 shown by a dotted line
on the diagram abowe,
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Hence
_Zm 3ﬂ3 _2m| xt :
@ i 9 | 4
2m Bla* 9
— ¥ = —
B 4 2
ii About A
2
4 ¥ 4 2
Al = =(dm)| = | ==| pdxx—7=
3¢ m:'[z] 3["’” R
2 5 2m
= —yidx= ax
5" 243a*

om [ 2m
T
243a” Jg 24350

2
][{] +— TIsing the standard result,
2

7 =%m£2, tor arod of length 24

m=dm and 2=y,

abeut an axis through itz end, with

: 1
Tain =iy
g ¥y 3

You can deduce this result, without
integrating, from the answer to part
ai Eeplacing 3a by a,

3 rfa¥ 1
=—m| — | =—wmat.
2 W3] &

h For this part of the question, just consider triangle ASC 1n the diagram below. The
full diagram 1z needed for part c.

Y4

PhysicsAndMathsTutor.com

D

The axis ef rotation, A7, 13
perpendicular to the plane of the

lamina, that s, it 1z perpendicular to
both AX and AF
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The moment of inertia of the two triangles about AX | Mote that the triangle ASC has mass

1z given by
2 1

1
T = 2x=ma® = —ma’

The moment of inertia of the two triangles about
AF s given by

Ig= ngmag = Y’

4— That iz twice the answer to part a ii.

EBEv the perpendicular axes theorem, the moment

2, so each right angled triangle has
mass #.

That 15 twice the answer to part a

of inertia of the two triangles about A7 15 given by The area of each triangle ACM and

fmghs =fﬂz+fﬂ=%m2+9mag =§m2

¢ The moment of inertia of the rectangle about an
axis through ite centre & perpendicular to the
plane ofthe lamina is given by <

ABM iz one quarter of the area of
the rectangle BDEC. As the total
tmass 15 G, the mass of each
triangle 15 # and the mass of the
rectangle 15 4.

LU [3a]3 -
G_§ mlla + ? —?mﬂ .‘,_‘_‘_\_\_‘_‘_\_‘_\_‘-

By the parallel azes theorem, the moment of
inettia of the rectangle about AT iz given by

v = I, +4mOd

TTzing the standard result that the moment
of inertia of arectangle, sides 2a and 28,
about a perpendicular axis through its

CEntre is %m a’ +E:'2) with 25 =3z . The

tnass of this rectangle iz da,

TectarE]e
2
= Emaz +4f?{9—aJ = Emz
3 2 3

The moment of inertia of the complete latnina about AZ 15 given by

Bl o
981 s dOSEE o B
= —mat +—m

2 .
f — ——FRcd Al I’E!qUII'E!d
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d A

fé’\ ' +— If iz the centre of mass of the
; “'_\(’ triangle AFC, then, as AM 15 the

\\\ median of the triangle,

™,
i 1T AG=2am=2xm=2a.
IR E 2
+ dimgr | 4.
&

e
-

Equation of angular motion about A7

L =18
; i 284 4=
—Zmg v AFsn 8 —dmg x ADsin 8 = Tma &
—2mg ¥ 2asn 8 —dmg x9_a sind = ﬁmazéj
—2dmgasin g = %maz.&i
=- 33g gin &
142a
Forsmall &, 51n8 =8
Hence
_.33g g
1424

Comparing with the standard equation for simple harmonic motion, & = "8 , the

A ; ; : ; a3 ;

motion is approxzimately simply harmeonic, with e = 42g . The period of stnall
a

oscillations 15 given by

T=2—H=2ﬂ»\/ Leee
‘n kg
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